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1. O3HAUYEHUM IHTEI'PAJI

1.1. O3nauenuii inTerpaj. Teopema npo icHyBaHHS 03HAYEHOI0 IHTEerpaJa
[ToTy>xHUM 3aCO00M JOCIIKEHHsI y MaTeMaTHIll, (Pi3uili, MexaHill Ta 1HIIUX

JUCHUIUTIHAX € O3HAYEHUU [HMe2pajl — OJHe 3 OCHOBHHUX MOHATH MaTeMaTHIHOIO
aHaizy.

OO6uuciaeHHs TUIONI, OOMEXKEHUX KPUBUMH, JOBXHHH YT, 00’€MiB, poOOTH,
MIBUKOCTI, IIJISXY, MOMEHTY 1HEpIIii 1 T. 1H. 3BOJUTHCS A0 OOYUCIICHHS 03HAYEHOIO
1HTerpana.

Hexait Ha BIIpi3Ky [1,b: 3a1aHa HemepepBHa (yHkmisg y= f(x). Ilomgiaumo

BIJIPI30K HA N YACTUH TOUYKAMH & =Xy, Xp,.., X, 1, X, =D, IPHIOMY, Xy < X, <...< X,

TTOKITAZmEMO X, — Xy = AX;, Xy — X = AXy, ..., X, — X, = AX, (puc. 1.1).

ANV = T

N 2
f(§)

(&)

O XO ":1 Xl Xn—l 5 n Xn

Puc. 1.1

Ha xoxnomy 3 BinpiskiB . % .|k % .} kw1 X, BisbMeMo 1o Toumi, ski
HNO3HAYUMO &, &5, o &y (Xo <& <Xy X <& < XgyewnXq <&, <X,). Y KOXKHIN 3 1HX

TOYOK 00uMcIuMO 3HaueHHs QyHkuii f(&), f(&,),... f(&,). Cknanemo cymy
Sy = F(&) - + T(&) - M +..+ T(£)- A, :2f(§i)'AXi' (1.1)

L5 cyma HasMBa€ThCs IHMeESPANbHOI0 cymoio mnst byukiii f(x)Ha Biapisky b .
PosrasineMo esiky mocCiiJOBHICTh PO30OUTTIB LBOTO BiJIPI3Ka, IPU SIKUX MaxAx;, — 0

npu N —oco. [IpumycTuMo, 1110 MociiI0BHICTh CyM BUTIsay (1.1)



n
MIPH IILOMY TIPSAMYE IO AESIKOT TpaHUIll AI)!TO Sn = m al)!Aan _)021: f (fn )Axi =S.
i i =

Busnauenns 1. Slkmo 1pu Oyap-sKMX po3OMTTsAX Binpiska |b, Takmx, o

maxAx, —0 Tpu Oynub-iKkoMy BHOOpi TOWOK & Ha Bimpiskax [_j,X, iHTerpambpHa
n

cyma S, = z f(&)AX, mpsIMye 10 OZHIET M TEX IPaHULIl, TO ISl TPAHUL HA3UBAETHCA
1=1

O3HAYEHHMM IHTerpaJjioM Bix ¢pyukiii f(x)Ha BiapisKy [1b 1 TO3HAYAETHCS TAK:

l]'f (x)dx.

maxAx; —0

. b
TakuMm 9uHOM, lim Z f(&)Ax = J.f (x)dx. (1.2)

Yuciao a Ha3MBA€EThCS HIDKHBOIO TPAHHMICIO IHTErpasia, D- BEepXHBOIO TI'PaHUIICHO
iHTerpana. Binpizok [1,b_ HA3MBAETHCS BIJIPI3KOM IHTETPYBaHHS, X - 3MIHHOIO

IHTErpyBaHHs.

Busnauenna 2. Sxmo ans dynkuii  f(x) rpanuus (1.2) icHye, TO (dyHKIIO

f (X) HA3UBAIOTh THTETPOBAHOIO HA BIJIPI3KY Eb
Axmo nmobynyBatu rpadik migiHTerpanbHoi GyHkuii y = f(x), T0 y BUNAAKY
b
f(x)>0 iHTEerpan J.f(x)dx Oyne NMOpiBHIOBATH IUIONII, TaK 3BaHOi, KPUBOIIHINHOI
a

Tparernii, 00MexXeHOi KpuBoio Yy = f(X), mpsaMuMH X = a, X =bTa Biccio OX (puc. 1.2).

v4 v=Ff(x)

Puc. 1.2



Tomy, sikio TpeGa 06GUUCIUTH IO KPUBOIHIUHOI mpaneyii, 0OMexeHoi
kpuBoro y=f(x)>0, mnpsasmMumMu Xx=a, x=b Ta Biccto OX,;0 19 MIOIIA

Q 00YHUCITIOETHCSA 3a JOIIOMOTI'OrO iHTerpaJIa
b
Q= j f (x)dx.
a

Teopema 1. Sxmo dynkuis y=f(X) HemepepsHa Ha Binpisky |pb, To BoHa

IHTerpoBaHa Ha IIbOMY BIJIPi3KY.

3ayeascenns [. O3HaUCHUN 1HTETpaN 3aJ€KUThH JUIIE BiJ BUIAAY GyHKii f(x)Ta
IpaHUIIb IHTETPYBaHHS, a HE BiJl 3MIHHOI IHTETpyBaHHS, IKY MO>KHA TIO3HAYUTH Oy /b~
SIKOI0 OYKBOIO

t]'f (X)dx = bjf (t)dt = bjf (z)dz.

3ayeasrcenns 2. [lpy BBEIEHHI OHATTS 03HAYEHOT'O 1HTErpajga MU MPUITYCKaJH, 1110
a<b. VY Bumangky b <a npuitMeMo 3a BU3HAYCHHIM

b a
J'f (¥)dx= . [f()dx.
a b
3aysasicennsn 3. Y Bunanky a="b mis Oyap-sxoi GyHKIIT f(X)3a BU3HAUCHHAM
b
j f(x)dx =0,

OcTtanHe TPUPOJHO 3 TEOMETPUYHOI TOYKK 30pY. SIKIIO OCHOBA KPHUBOJIHIMHOI
Tpamnellii Ma€e JOBXHHY, 110 JOPIBHIOE HYJIO, TO TUIONIA I1i€1 KPUBOJIHIAHOT Tparmerii
JIOPIBHIOE HYJIIO.

1.2. OcHOBHi BJIaCTHBOCTi 03HAYEHOT0 iHTErpaa

Bracmusicme 1. Ctanuii MHOXKHUK MOKHA BUHOCHTH 324 3HaK O3HAYCHOTO 1HTETpasia:

b b
ko A= const, To J.Af (x)dx = A jf(X)dX (1.3)

Bracmusicme 2. O3HaueHu# 1HTErpan Bij anreOpaidHOi CyMU JEKUIbKOX (DyHKITiH
JOpIBHIOE anreOpaiuHiii cymi iHTerpainiB. Hampukian,



b b b
JEC= f,008= [fi0ddxx [f,()dx 14)

Bnacmusicmy 3. Sxmo wa Bigpisky |pb, me a>b, dynxuii f(x)Ta

¢(X) 33J0BOJIBHAIOTH YMOBI1 f(X) < (X), TO
b b
j f(x)dx < J'gp(x)dx. (1.5)

Bracmusicme 4. SIkmio m 1 M - HalimMeHIIe Ta HailOUIbIIe 3HaYeHHs GyHKIIT f(x) Ha

Binpisky b, ne a<b, To
b ~
mg-ax [f()dx<Mg-a’. (1.6)
Bnacmusicmo 5 (Teopema mpo cepenne). Sxmo ¢ynkiis f(x) HemepepBHa Ha

Bizpisky | b, To Ha mBOMy Bimpi3Ky 3HaiineThCA Taka TOYKa &, IO CIPABETHBA

HACTYITHA PIBHICTh
b
[foodx=@-aF (). (1.7)
Bracmusicmo 6. 1151 Oyab-sKUX TPhOX YHCEN a, b, CCpaBe1siiBa PiBHICTh
b c b
If(x)dx: jf(x)dx+ jf(x)dx, (1.8)
a a C
SKIIO TITBKH YC1 Il TPH IHTETPAJIH 1CHYIOTh. PO3riIssHEMO MTpUKIaan.

b
Ilpuknao 1. OGuucnuTH _[exdx.

b-a
Xo =, X =a+AX ..., X, =a+nAX, AX:T

VY skocTi Touok & obepemo JiB1 KpaiiHi Touku. CKIIaieMO IHTETpaIbHy CyMY:

~
Sn :ea -AX+ea+AX -AX+...+ea+(n_1)AX :ea (+eAX _l_eZAx +...+e(“‘1)AX -AX.

A



Bupas y myxkax € reoMeTpudHa MPOTrpecis i3 3HAMEHHUKOM e™ ,TIepIuil YjieH sIKoi
JOPIBHIOE 1, TOMY

e™ -1 N AX
s, =€ Ax=e" € -1 :
) e™ -1 ¢ 4% _1
. AX
i NAX=b—a, lim =1
Hami maemo NAX A e 1
(3a npasunom Jlonitans, lim—~— = =lim—= =1). Takum anuom,
-0 @2 ] -0 @

i - ~ b
rl]msn =Q=ea-¢b a_l/']-:eb_ea,To6To J’ede:eb —e’.

3aysasicennsi. HaBenenuid mnpukiag IMokaszye, M0 Oe3nocepeHe OOYMCICHHS
O3HAYEHOr0 IHTErpajia sIK TPaHULl IHTErpajdbHOI CyMH IOB’SI3aHE 13 TPOMI3AKUMU
JISIMH, HE3BaXKAl0YW Ha JOCHUTh MPOCTy (PyHKII0. TOMy IpUpOAHO 3HAWUTH OLIBII
PAKTUYHUN METOJI OOYMCIIEHHS O3HAYeHOTO iHTerpana. Takuii MeToj icHye (BiH
BUKOPUCTOBYE 3B’SI30K MDK IHTETPYBaHHSM Ta JUQPEPEHIIIIOBaHHIM) 1 Oye
PO3IIISAATUCH Y HACTYITHUX PO3/UIaxX JIaHOTO IMOCIOHMKA.

2. OBYUCJIEHHSI O3HAYEHOI'O IHTEI'PAJIA. ®OPMYJIA
HBIOTOHA-JIEMBHIIA

b
Hexait y o3HaueHomy iHTerpami I f (X)dx HrDKHS rpaHUIl 3adikcoBaHa, a BEPXHS —
a

3MIHIOEThCA. Toxai Oyae 3MiHIOBAaTHUCS 1 3HAYEHHsI 1HTErpajia, TOOTO IHTErpai €
(yHKII€I0 BEepXHbOi IpaHuili. [lo3HaYMMO BEpPXHIO TPAHUIIO 4Yepe3 X, a 3MIHHY
IHTerpyBaHHs OyJeMO TMO3HauaTh 4depe3 t (BUIE MIAKPECIIOBAIOCH, 0 3HAYCHHS
1HTEerpana He 3aJeXarh Bl MO3HAYCHHS 3MIHHO1 IHTETPYBaHHS).

[Ipu cramomy a e iHTerpai 0yae GyHKIIE€ BEPXHbOI TPAHUII
d(X) = j f (t)dt. (2.1)

SAxmo f(x) HemepepBHa (QyHKISA, TO BeaMurHA O(X) TOPIBHIOE TUIOIII
KpHUBOJiHIMHOT Tpamerii aAX x(puc. 2.1). OueBUaAHO, IO IS TUIONIA 3MIHIOETHCS Y

3aJIE)KHOCTI B1J 3MIHH X.

Y 4 X y=f(x)

A \Q




Puc. 2.1

3HaieMo TOXiAHY Big @®(X) MO X, TOOTO 3HAWAEMO MOXiAHY O3HAYEHOTO
iHTerpana (2.1) mo BepxHiii rpaHuIli.

Teopema 1. Sxmo f(x)- HemepepBHa (YHKINA 1 D(X) = J.f(x)dx, TO Mae Micile
piBHICTE @'(X) = f(X).

[HmuMu cnoBamu, noxiowa 6i0 03HA4eH020 iHme2pana No 6epXHill SPaHuyi
oopienioe nidinmezpanvHil @QyHKYii, y 5Ky 3aMIiCMb 3MIHHOI [HMecPYB8aHHS.
niocmaeneno 3Ha4eHHs: epXHbOI ePaHUYi.

/Jloeedenna. Hexaii AX- gonatHiid abo Bia eMHUN npupicT X. Tol, BAKOPUCTOBYIOUU
gracmusicms 6 , MAEMO

X+AX X+AX

DE+AX = j f (t)dt = j f (t)dt+ j f (t)dt . [TpupicT GyHKIT d(X) ZOPiBHIOE

a

AD(X) = DK+ Ax:_ D(X) = Xj'f (t)dt + XTXf (t)dt - XIf (t)dt= XTXf (t)dt. 3acTocyeMo 10

a

OCTaHHBOTO 1HTETpaJla TeOpeMy Npo cepenHe (racmusicms 5). Toni

AD(X) = f (&) &+ —x = f(H)AX, me & MicTHThCs MiK X Ta X+AX. Posrmsremo
BIIHOIIEHHS IPUPOCTY (PYHKIIIT 1O TPUPOCTY apryMeHty. Maemo

A0 _ O

. Takum 9uHOM, @/(x) = lim 2P _ i _Ane x opu AX — 0.
™~ X &) @'(x) A';TO X A';fjlof(cf) ¢ —> X 1Ip

Tomy, BpaxoByroun HenepepBHICTh GyHKIT f(X), omepxKyeMo

AI)i(rll0 f(&)= Igml f(£)=1(X). Tobro @'(x) = f(x). Teopema noBeneHa.



JlaHa Teopema Mae MpPOCTy T€OMETPUUHY iHTeprnpeTaliio (puc. 2.1): mpupict
AD = f(X)AX JTOpIBHIOE IUIONI KPUBOJIHIMHOI Tpamelii 3 OCHOBOIO AX, a MOXiJHa

@'(x) = f (X) TOpiBHIOE TOBXHHI BiIpi3Ka X X .

3ayeascennsn. 3 NOBEIEHOT TEOPEMHU BUILIUBAE, IO 0)0b-9KA HenepepsHa (DYHKYisA
mae nepgicny. Jliticho, sxkmo ¢yHkuis f(t) HemepepsHa Ha Bimpisky | x, To

O3HAYCHUM 1HTErpal J.f(t)dt icHy€e, TOOTO icHYe (PyHKIIIsT P(X) = jf(t)dt. Arte, 3a
a a
JIOBEJICHUM, BOHA € MepBicHOIO Bif f (X).

Teopema 2. fkmo F(x)e Oynb-ska nepBicHa Bij HenepepBHOi QyHKIil f (), TO

crpaBeuiBa GpopMyia
b
ff (x)dx = F(b) - F(a). (2.2)

s popmyna HazuBaeTbest hopmynoro Heromona-Jleiibniya.
/losedenna. Hexaii F(x) € geska mepsicHa Bl ¢yHkmii f(x). 3a Teopemoro 1
GyHKIIS J'f(t)dt TaKOX € MepBiCHOI Bi QyHKuii f(X). Ane Oyab-sKl HepBiCHI Bij

naHol (GyHKIT BIAPI3HAIOTHECA MK COOOI0 JIMIIEe AO0BIIbHOK crajoo C’. TooOro,
MO>KHA HAIKUCATH

jf (Hdt-=Fx)+C". (2.3)

L5 piBHICTH MpH BiAmoBigHOMY BuOOpi C* cripaBeyiMBa s BCIX 3HAYEHb X, TOOTO
€ TOTOKHICTIO. [l 3HaxomkeHHs crajoi C MOKIameMo y Iili TOTOXKHOCTI X=a,

Tomi J'f(t)dt:F(a)+C*, a6o 0=F(@)+C", C'=—F(@).

TakuM 4rHOM, If (t)dt=F(x) — F(a). [Toknasim B octaHHi# Gopmyii X =D,
b
onepxumo hopmyny Horomona-Jleiibniya: If (tydt=F(b)-F(a),
a
a00 , 3aMIHIOIOYM TTO3HAYEHHS 3MIHHOI IHTETPYBaHHS Ha X,

10



jf (x)dx=F(b) - F(a). (2.4)

b

4> Tozal (opMysa OCTaTOYHO

MosHa BBecTH mosHaueHHs F(b) —F(a) = F(X)‘

HaOyBa€ BUTTISILY:

[0 = F (X2 =FO) -F@. e F'(X) =  (¥).

®opmyna Heromona-Jleiibniya nae npocTuii Ta NPAKTUYHHN METO.
OOYHMCIIEHHS O3HAYEHOI'0 IHTErpaja y TOMY BHMAAKy, KOJHM BIJOMa IEpPBICHA
MIAIHTErpanbHol PyHKIIT . Jlume 3 BIAKpUTTAM wi€i GOpMyIH O3HAYEHUN 1HTErpal
HaOyB Te 3HAYECHHsS y MaTeMaTulll, K€ BIH Mae 3apa3. [3 mpouecoMm, aHAJIOTTYHUM
OOYHMCIICHHIO 03HAYEHOTO 1HTErpaja SK IpaHUIll IHTErPaAIbHOI CyMU, OYJIM 3HalOMI
me y crapojaBHi yacu (ApxiMen), aje 3aCTOCYBaHHS IIbOTO METOJY OOMEXYyBajIoCh
HANNpPOCTIIIMMU BUITaJKaMHU, KOJIHM TPAHUIIIO IHTErpaIbHOI CyMi MOXKHA OyJl0 3HAWTH
oesnocepennbo. dopmyna Heiomona-Jletioniya 3Ha4HO po3lupuia o01acTb
3aCTOCYBaHHS O3HAYEHOTO IHTErpajia, TOMy IIO0 MaTeMaTHKa OJepiKalia 3arajibHHi
METOJ pO3B’A3yBaHHs PI3HOMAHITHUX 3a7a4 3 (13H1, TEXHIL, ACTPOHOMII TOIIO.

Ipuknao 2. dex = X22

b 3|0
Hpuknao 3. Ixzdx = %

a

n+l ‘b bn+1 _ a‘n+1

b
Ipuxnao 4. jx”dx _ X G=-1.

n+ﬂa_ n+1

b
Ipuxnao 5. Iexdx =g =e°—e%

b
a

2z
IIpuxnao 6. fsin Xdx = —CosX|.” = —€0s27 —c0s0 =0.
0

=21

1
Ilpuknao 7. Xdx — 1+ X2
P J«/1+ NG "

1
0

11



Ha BigmiHy BiJi HEBU3HAUEHOIO 1HTErpajia, MPU HAXOJKEHHI SKOTO OyIy€eThCS
NepBiCHA, MpH PoOOOTI 3 O3HAYCHUM IHTETPajIOM pe3yibTaT OyJe TOBOIUTHUCH [0
qrclia, TOMY TOBODSITh, IO O3HAYCHUHN IHTETpall 0OuUCTIOEMbCS, 2 HEO3ZHAYCHUH —
3HAXOOUMbCAL.

3. 3AMIHA 3MIHHOI Y O3HAYEHOMY IHTETPAJII

b
Teopema 3. Hexaii qano inTerpan J'f (x)dx, ne f(x) HemepepBHA HA BIAPI3KY [1, b
BBenemo HOBY 3MiHHY t 3a GOpMYNOIO X = oft) . SIKIIO

1) pla)=a, p(B) =,
2) o(t)i ¢'(tynenepepsHi Ha Binpizky |, 4,
3) f pC Busnauena ta HenepepsHa Ha Binpisky |, 4, T0

b B
j f (X)dx = j f pClo' @)t (3.1)

Takum YMHOM, NPHU 3aMiH1 3MIHHOI Y O3HAYEHOMY 1HTErpajil BAKOHYEMO HACTYIIHI JIli:
3MIHIOEMO 3MIHHY 1HTETpyBaHHs, 3MIHIOEMO audepeHuian dx, 3MIHIOEMO TI'PaHHII
IHTErpyBaHHs, BUKOPHCTOBYIOUM 3B’A30K MIDK HOBOIO Ta CTapol 3MIHHUMHU
inTerpyBanHs. [Ipu obuncnenHi inTerpaia 3a ¢popmysoro (3.1) MU He OBEPTAEMOCH
10 cTapoi 3MiHHOI . Po3risiHeMo npukiai.

29 3fe 73
Ilpuknao 8. O6uucaNTH IHTErpal J“—’\zdx
$3+3/€ -2

Beomumo 3aminy: x—2=z;dx =3z"dz,z =3[x -2,

z, =1 (HWKHIO TPaHUIIO I1HTETPYBaHHS OJEPKUMO TMPU TMIJACTAHOBII Yy BHUpa3

X —2 =2z° 3HAYeHHS HIWKHBOI TPaHMIll iIHTerpyBaHHs X=3: z =3/3-2), z,=3

(BepXHsI TpaHMIIS IHTETPYBaHHS z, =3/29-2).

3 2 3 4 ™
z -9 19
OnepKyeMo IHTerpai: J3 7-3z°dz :3J¢ 2.3 dz =
J3+z S Z0+

z

3 2
9 9 z
= 3!(22 ~3+ - +3jdz = 3(—3 —3Z—|——\/§ arctg—\/g]‘f:

12



=3(9—9+iarctg\/§—%+3—iarctgij:

NE V3 T3
2 9 7« 33
:3(2§+ﬁ-6]:8+77z.

Ipuknao 9. O6uucnuTH iHTErpa J.«/r2 —x%dx.
0
Beenemo 3aminy: X = I'sint, dx = rcostdt.
: : /4
Hogi rpanmmi: X=0nput=0,X=rnput = >
Takyum YMHOM, MAaEMO

7l2 zl2

AJr2 —r?sin?t . costdt = r? Ix/mcostdt =
0

J\/r2 — x2dx
0

0

/2 /2 - 712 2
i (L1 t sin2t r
=r? | cos’tdt=r? || =+ =cos2t |dt=r?| - — _

oJ 6[[2+2 ) [2+ 4 l 4

Y NV "
Ocraniii iHTErpaig 3 TeOMETPHYHOI TOYKH 30PY € ILIOIIA
YBEPTI Kpyra, oOMekeHOro KojoM  X* +y* =r? (puc.
::Eii::>\ 3.1).
0] r X

Puc. 3.1

4, THTEI'PYBAHHS YACTHUHAMM Y O3ZHAYEHOMY IHTEI'PAJII
Hexait U ta V - audepenmiitoBani dynxuii Bix x. Togi (UV)' =U'V+Uuv'.

[HTerpyroun OOH/IBI YACTHUHM I1i€] TOTOKHOCTI y TPAHUISAX Bil @ 10 D, omepkumMo

tj[(uv)'dx = ti[u 'vax + k]uv’dx. (4.1)
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b
, b
Ockinbku I(UV)'dX =w+C, 1o I(UV) dx=uv,, TOMY piBHICTb (4.1) MOKHa
a

b b b b
) b
IepenrcaT y BUIIIAL UV\ .= jvdu + judV, a00 0CTaTOYHO Iudv = uv"a’ - Ivdu.
a

a a

Caig mam’araTtv, mo 3a U npuidMaeTbes (QYHKIIA, IKA CINPOINYETHLCA TMPH
nudepenniloBanni, a 3a v — BHpa3, HeO3HAYEHHWil iHTEerpajl SIKOro MOKHA
3HauTH. Po3risiHeMo nmpukiaauy.

Ilpuknao 10. OGuucIUTH IHTETpAI

: e u=x, dv=e'dx, e I_de

—e |y =1-2-¢".

-1
=—e

V4

3

T

4

IHTerpyBaHHs yactTuHaMu. Onep:kumMo

dx 3
X u=x, dv= 13 J3
_ ! — _x.ct ctgxdx = £.0°_7
{ sin x} X-Ctgx” JQXX [3 3 4j+
4

3
Zsinz X |du=dx, v=-ctgx
MA}- nﬁ_|nﬁ_M4;|n§_

i = 2 "2 3

= e-1
Ipuknao 12. O6uncnuty iHTErpan J.ln(x +1)dX, Maemo I|n(X +1)dx =
0 0

u=In(x+1), dv=dx o

- du-ﬂ V=X r=X-In€+ 1E1 Idel e-1-
x4+l - o

e_1 e-1

ey o g (1_dxj e-1- €-Inx+1]}" =

§ x+1 6 X+1

5. HEBJIACTHUBI IHTEI'PAJIA

5.1. HeBsacTuBi iHTerpanau 3 HeCKiH4eHHUMM I'PAHULSIMH

14



Hexait ¢pynkmis f(x) Bu3HaueHa Ta HEMEpEepPBHA MPHU BCiX 3HAUYEHHSAX X, TAKHX,
b

mo a<X<oo. Posrmsaemo iaTerpan |(b) = j' f (x)dx. Lle#t iHTEeTpaN icHye (Mae CeHc)
a

npu Oyab-skux b>a. Ilpu 3miHeHHI D iHTerpana 3MIHIOETHCS, BIH € HEMepepBHA

¢yHkiis b. Po3risHeMo nUTaHHS PO MOBEAIHKY IBOTO IHTErpana npu b — oo (puc.
5.1).

yA

y = f(X)

v

Puc. 5.1

b
Busnauenns. SIxio icHye KiHUEBa TPaHUILIS t')'_rDJ Jf (X)dX, 1o 1 TpaHUIlSl HA3UBAETHCS
a

Hesnacmusim inmezpanom Bl QyHKUii f(x) Ha 1HTepBal [, 00) i mo3HauaeThCs TaK:

O]f (x)dx .

« b
TakuM YMHOM, 33 O3HAYEHHSAM, MAEMO jf (X)dx = I!)m _[f (x)dx.
a a

Jlerko ysSIBUTH TE€OMETPUYHHMI CEHC HEBJIACTHUBOTO IHTETpaja y BHIIAJIKY,

b
koiu f(x)>0:  sgKmio J.f(x)dx BUpaXka€ IUIONLy 00JacTi, OOMEXKEHOI KPHUBOIO
a

y = f(x), Biccto aOcuuc Ta opAMHATAMU X=a, X=b, TO I f (x)dx Bupakae mOILY
a

HECKIHYEHHOI (HeoOMekeHO1) 00J1acTi, 0 MICTUTHCS MiX JiHIIMH Y = f(X), X=a Ta

Biccto abcuuc. Komu rpanuus (5.1) kiHIeBa, TO KaXyTh, III0 HEBJIACTUBIN 1HTErpal

J'f(x)dx icHye abo 30icacmucsl.

yA
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b

Sxio I f(x)dx mpu b— o
a

HE Ma€ KiHIIEBO1 I'paHuIli, TO

j f(x)dx He icHye, abo po3bicacmbcAl.

b

J.l - 1ICHY€, OCKIJIBKH I IIHTErpajabHa
+X
0

Puc. 5.2 ¢GyHKIIiS HemepepBHA 1 TPaHUIll IHTETPyBaHHS

dx
1+x2'

kiHueBl (puc. 5.2). Hlomo iHTerpana j
0

TO 3a O3HAYEHHSAM HOT0 TPAKTYIOTh, IK

TPAHULIO TIPU b — oo iy 1HTEerpana

b dx
5
§1+X

“dx
J1+x2 Puc.5.3

Takum 4YMHOM, MAEMO:

0 dX . b
o = lim j
01_|_X b—)ooo

dx : b T
v !'El arctgy, = kl)m arctgb= >

Ax Oauumo, 1eil iHTerpan 30Ira€ThCsi 1 JOPIBHIOE IUIOMNII HECKIHYEHHOT
KpUBOJIIHIMHOT Tparmemii (puc. 5.3). YV 0araTb0X BHMaJKax IOCTATHbO BCTAHOBHUTH
30DKHICTh (200 pO30IKHICTH) AAHOTO IHTErpajia Ta OLIHUTU Horo 3HadeHHs. s
I[OTO OyAyTh KOPUCHUMHU HACTYITHI TEOpPEMHU, SIKI MpuitMeMo 0€3 JOBEeACHHS, ajle iX
3aCTOCYBaHHA OyJie pO3IIIIHYTO Ha MPUKIIAIaX.

Teopema 5.1. Slxmo juis BCix X €>a BHKOHyeThCs HepiBHiCTh 0< f(X) <¢(X), TO

SIKIIIO Igp(X)dX 301ra€eThes, TO J.f(x)dx TaKOX 30Ira€ThCS, IPHU IBOMY
a a

16



wjf (K < Tp(ox

Teopema 5.2. SIkmo mns Bcix x(<za: BUKOHYETbCA HEpiBHICTH 0< f(X) <qp(X),
IPUYIOMY, SKIIO I¢(X)pr036iFa€TBCH, TO TaKOX PO30IiraeThcs J f(x)dx.

Po3r/isiHeMo NpUKJIAIAHU.
dx

Ilpuknao 14 . Jlocninutu 4 301Ta€THCS THTETPAT jﬁ
+
S
b
o) 1ﬁ1 0X_ _jim[ L 1. To6 i
YEBHUIHO, 110 MpU X > am |5 =-— — | =1 Tobrto ueit
AHO, IO Mp 2 ( e - A N el X ) I

iHTerpan 30iraerbes. Takum unHOM, 32 Teopemoro 1, 30iraerbcs qaHuM 1HTErpai, a
HOr0 3HAYEHHS € MEHIIINM 3a 1.

Ilpuknao 15. JlocnianTy, yu 301ra€ThCs THTErpaj j f

3ayBaXUMO o) X+1> X _ L Aute °°7dx Iim2«/X‘b + ToOTO maHum
- . = = +4-00.
y - MO s 3 Ux 1_[ Jx 1 A

b—wo

iHTerpan Tex po3oiraerbcs (Teopema 2).

Teopema 5.3. Skmio Jf(X)dX 30Ira€ThbCs, TO 30Ira€ThbCs If(x)dx.y IIbOMY
a a

BMIIAJIKy OCTaHHI} iHTErpaa Ha3uBaKOTh AOCOIIOMHO 30IHCHUM.

“rsin X
Ilpuknao 16. Jocniautu 301KHICTh ng d
i

Y naHoMy BHUINAJKYy MiAIHTerpajbHa (YHKIS € 3HaKo3MiHHOIO. Mae Micie
l A jdx 17 1
all e | e=—"1
3 x> 2x%,

1

iy “Isin X

SII"IX
=+ Takum 4uHOM, N
1

X3

dx

HEPIBHICTH

2

30iraeThcs. 3a TEOPEMOIO 301TaeThCs M TaHUM IHTETpall.

5.2. InTerpajm Bix po3puBHUX QyHKIiH
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Hexaii ¢pynkiis f(x) BU3HaueHA 1 HEMEPEpBHA NMPU a< X<C, a IPU X=C BOHA

abo He BM3HayeHa, ab0 Mae po3puB. Y I[bOMY BMIIQJKy HE MOKHA Ka3aTH IIpO
c
iHTerpa J f(X)dx sk rpaHUIO IHTETpaTbHUX CYM, OCKUIBKU f(X) HE € HelepepBHOIO
a
_ C
Ha Bipisky |.c, i g rpanuis moxe He icHyBaTH. IHTerpan J'f (x)dx Bim yHKIIT
a
f(X), mO Mae pO3pUB y TOYLl C, BHM3HAYAETHCA HACTYIIHUM YHHOM:

Cj'f (X)dx - bErero l]'f (X)dx

SIKIIO  OCTaHHs TpaHWLs ICHY€, TO IHTErpal Ha3HMBAETHCS  30IICHUM

IHmMe2panom, y NpOTHIEKHOMY BUIIAAKY — PO3OINCHUM.

Axmo ¢ynkuis f(x) po3puBHa Ha JIBOMY KiHIII Bipi3Ka [lc: (ToOTO Mpu X =a),

b—a+0

TO 33 BU3HAYCHHSIM jf ()dx = lim _[f (x)dx,

ko yHKIIA Mae po3pUB Y NEAKINA TOULl X = X,, JIe &< X, <C, TO OKJIaJIal0Th:
c Xo c
jf (x)dx = jf (X)dx + If (x)dx Sxmio o6uBa iHTErpana
a a Xo

y MpaBiil YaCTHHI OCTAHHBOI PIBHOCTI ICHYIOTb, TO ICHYE (301raeThcs) IHTErpa

(]'f (x)dx.

L dx
11 017 .00 )
IpuKia YUCITUTH 5[ i

dx b

1
3 J‘ l J. dx
a BUBHAUEHHIM = 1im =
§ \/1_ X b—1-0 3 \/1_ X b—1-0

- —blirpo(é«/l—b 12

d
X . .
Ilpuknao 18 . O0uucnutu j—z a00 BCTAHOBUTH HOTO Po301KHICTh. OYEBUIHO, IO
X
-1

npu X =0 migiaTerpasibHa PYHKIliS Ma€ HECKIHUCHHHUH po3puB. ToMy maHuil iHTETpal
TpeOa MpeACTaBUTH y BUIJISAI CYMH JIBOX THTETPaiB:

18



fedx %dx . fedx . .
J. > =lm | =+ lim | = =1+1,. Koxunnii 3 iarerpanis |, Ta |,Tpeba wmykaTu
X a—>-0JX £2—>+0 X
1 3 &
51
okpemo: |, = lim J = Iimo— =o0. AHJIOTIYHO BCTAHOBIIOETHCS PO3OIKHICTH
g—> -0 &> X

iHTerpana |l,. Ajie B IbOMy HEMa€e HEOOXITHOCTI, TOMY IIO JJis 301KHOCTI 1HTeTpaJia
Tpeba, o0 30iramucs oobunsa iHTerpanu |, ta |,. ToMy He3anexHO B MOBEIIHKH
|, nmaHmii iHTerpan po30iraerhcs. 3ayBakMMO, IO SKIO OM MH OOYMCITIOBAIU
1HTerpaj, He 3BEpHYBIIIM yBard Ha po3puB migiHTerpanbHoi QyHkIii npu X=0, To
Ldx _ L[

oJlepkaiay O MOMMJIKOBHMI pe3yibTar. JlilicHo, J'—2=—;
X
-1

=-2, 0 HEMO>KJIHUBO
-1

(muB. puc. 5.4). Takum uunom, nHeoOmMiHHO 36epmaiime y6a2y HA NOBEOIHKY
nidinmezpanvHoi QyHKuii Ha 6IOPI3Ky inmezpysanns!

A

y|

v

o
-1 PI/I(F. 5.41 X

3aysaoicenns. SIxkmo dyukiisa f(X), BU3BHa4YeHa Ha BiAPI3KY E, b_ , Ma€ B cepeauHi
LbOTO BiJIpI3Ka KIHIEBY KUIBKICTh TOYOK PO3PUBY &,;,8,,...4,, TO IHTErpayl Bij

dynkuii f(x)Ha Bigpisky | b Bu3HauaeThcs y BUrIAAL Cymu

bjf(x)dx: ajf(x)dx+a]f (X4 .+ bjf (X)X,

AKIIO KOKHUW 3 HEBJIACTUBUX IHTErpajiB y MpaBiil 4acTUHI 30iraerbcs. SKio

b
MIPUHAMMHI OJTMH 3 HUX PO30IraeThCs, TO Jf (X)dX Ha3UBAETHCS PO3OIKHUM.
a

Jlnst  BCTaHOBIIGHHS 30DKHOCTI HEBJIACTUBUX IHTErpaliiB BiJl PO3PUBHHX
(GYHKIUIA Ta OLIHKM iX 3HAYEHHS MOXYTh OyTH BUKOPHUCTaHI TE€OPEMH, aHAJIOTIYHI
TeopeMaM JIJIsl OI[IHKH THTErpaliB 3 HECKIHUCHHUMU TPAHUIISIMH.
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Teopema 1*. SIkuo Ha BIAPI3KY Ec GyHkuii f(x)Ta ¢(X)po3pHUBHI y TOULI C,

IpUYOMY, Y BCIX TOYKaxX IBOIO BiApI3Ka BHUKOHAaHI HEPIBHOCTI ¢(X)> f(X)>0 1

c c
36iraeThes iHTErpan _[gp(x)dx, TOJIi iHTerpan J'f(x)dx TaKOX 30iraeTnes.
a a

Teopema 2*. fkumio Ha Binpisky [ ¢ dynxuii f(x)Ta ¢(X)pospusHi y Touri c,

OPUYOMY Y BCIX TOYKax I[bOrO BiJpi3Ka BUKOHAHI HEPIBHOCTI f(x) > (D(X) >0 i

c
po36iraeTses iHTErpa j(/)(X)dX, TOJII iHTErpa J.f (X)dX takox posbiraerses.
a a

Teopema 3*. fkio Ha BiAPI3KY [1 c: 3HaKo3MiHHA QyHKIIA f(X) Mae po3puB JUIIIE

C
y TOYILl ¢ 1 HEBIACHUM 1HTErpasn _ﬂf(x)\dx B1Jl a0COJIFOTHOI BEJIMYMHHM II€T (PYHKIIIT
a

301raeThbcsi, TO IHTETpas j f (x)dx TAKOXK 301raeThCs.
a

VY gaxocti ¢yHKIIi, 13 SKOI MOPIBHIOIOTH MIJIHTErpaibHy (QYHKIIIO, YacTO

c
obuparote 1/ Q—xj. Jlerko mepeBipuTH, IO _[ 30iraeTecss mpu o<1,

_X)

po30iraerbes npu o >1.

dx

C
Te  came crpaBeIMBO VISl IHTETPAJIiB BUTIISTY j (( u
J€-

> -
A

Ilpuknao 19 . Uu 36iraetbes j ( s 4X 2

[Timiarerpanbhua Gyukiis mae po3pus ripu x = 0. [TopiBHIOIOYH 11 13 QyHKITIEO

71 1 < 1 H j 1 O
,MAEMO €BIIACHHH iHTErpa icaye. OTxe,
/X JX 4453 X P /X Y

Lod
. . . .. ®en X b
HCBJIACTHUB1X 1HTCI'PAJI Bl «KMCHIIIO1» (I)YHKI_IH, TO6T0 I /; N 4X3 1 TAKOX 1CHYE€E.
0\

6. TEOMETPUYHI TA MEXAHIYHI 3ACTOCYBAHHSA O3HAYEHOI'O
IHTEI'PAJIA

6. 1. O0uuciIeHHs IO Y MPSIMOKYTHUX KOOPAMHATAX
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k1o Ha BIJIPI3KY [1,b: ¢yukiist f(x)>0, To, sIK BiOMO, NI0WA KPUBOATHIUHOL
mpaneyii, oomexenoi kpuBow Y= f(x), Biccto OX Ta mpsMumu X=a X=b ,

JTIOPIBHIOE
b
Q= j f(x)dx, (6.1)

b
Axuo f(x)<0 Ha |,b, To 03HAUCHNIT iHTErpan J'f (x)dx Takox <0.3a

a0COJIFOTHOIO BEJIMYMHOIO BiH JIOPIBHIOE TUIONII Q BIAMOBIAHOI KPUBOIIHIAHOT
b

Tpamenii : -Q= If (x)dx.

a
Axio Ha BiApi3Ky (yHKIS KIiHIIEBY KUIBKICTh pa3iB 3MIHIOE 3HAK, TO 1HTErpaj
PO3KJIQIAETHCS Y CyMY 1HTErpatiB BiJ i€l QYHKIII, 110 OOYUCITIOIOTHCS M0 OKPEMUM
YacTMHAM BIApI3Ka , HAa SIKMX BOHa 30epirae 3Hak. [HTerpanu OyayTh JOJATHUMH
Ttam, 1e f(x)>0 , 1 Bix eMHUMHU TaM, Je f(X) <0. [HTerpan mo BiaApi3Ky [1,b: oyne
CKJIQZIaTUCh 3 alreOpaiyHOl CyMH IUIONI, pO3TAIIOBAaHWUX BHUINE Ta HUXKYe oci OX

(puc. 6.1).

y=fx)

¥

Puc. 6.1

JInst ogepkaHHs CyMU IUJIOI y 3BUYAHHOMY CEHC1 Tpeba 3HaTH CyMy aOCOJIFOTHUX
BEJIMYMH IHTETPpaiB MO0 BKA3aHUM Bipi3kaM a00 OOYMCIHUTH IHTETpall

Q= [If () dx.
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Ipuknao 20. O6uuciutu mwiomy Q Qirypu, oOMe)eHOi CHHYCOiloK Yy =sinX Ta
Biccto OX mpu 0< X <27 (puc. 6.2).

A Y=sinz
M .
0 b ’ T
Puc. 6.2

Ockinpku SINX>0 mpu 0< X<z, SINX<0 npu 7 <X<2z, TO

Q= J'sin xdx +
0

2z 27
J'sin xd{ = J'sin XdX, e
T 0

jsin Xdx = —CosX|; =—€osz—Cc0os0 =—-€1-1%2
0

2z
jsin xdx = —cosx\i” = —€0s27 —C0S7 = —&+1 =-2. Tobro Q=2+-2=4.

Axio Tpeda o0uncIuTH 101y 001acTi, oOMexeHoi kpuBumu Y = f,(X),

y = f,(X) Ta npsimuMu X =a, X =b, T0 3a ymoBorw f,(X) > f,(x) ogep;xumo
b b b
Q= [f,()dx— [f,(¥)dx= [F:( - F,(x) 3

Ilpuknao ZIy _ . & OGurciuTy oy (Girypu, 0OMeKeHOT KPUBHMH Y = /X

Ta y=x. 3HaNAEMO TOUKY EPETUHY KPHUBHUX:

Jx=x2, x=x*,

y — X2 3Bigcu X, =0, X, =1. Takum

YUHOM,

v




Puc. 6.3
6. 2. O04uCcIeHHA IO KPUBOJIIHIHHOI Tpaneuii, IKI0 KPUBa 3a]aHa
PIBHSIHHSIMH Y apaMeTPUYHOMY BHUTIJISAXI

Hexaii piBHAHHA X=¢(t), y=y(t), 16 a<t<p, o(a)=2a, p(B)=b BU3HAUAIOTH
nesiky dynkuito y=f(x) Ha Bigpisky | b, To6TO miouia KpuBoiHiiHOI Tpamenii

MOXxe OyTH o0uucieHa 3a GopMyJioro:

b b
Q= J'f(x)dxz J.ydx. BukoHaemMo 3aMiHy 3MIHHOI Yy LbOMY IHTErpai, MOKJIABIIH

X=g(t), dx=g'(t)dt. Jam p=f(@)y="f(x)=fpt) Fy(t), Takum uurom, dopmyra
171 0OUMCIIEHHS TLIOII y BUIIAAKY KPHMBOi, 3aIaHOi IApAMETPUYHO, MA€ BUTJIS

g
Q= fy(®-p'®)dt.

IHpuxknao 22. O64uCcIUTH TIIONTY 00J1aCTi, 0OMEXKEHOI eTIICcoM

X=acost, y =asint

JIomiIbHO OOYMCIUTH TUIONLY BEPXHBOI TOJIOBUHU O00JIacTi, a OJEpKaHUUN
pe3ynbTat moaBoitTh. OYEeBUIHO, IO X 3MIHIOETHCS Bi —a A0 &, t 3MIHIOETHCS Bif
7 1o 0. Takum ynHOM,

0 0 z
Q=2]bsint- € asintgt=-2ab fsin’dt =2ab [~ e =2 b{—s"ft} _ b,
0

v /a

0
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6. 3. IL;1o1a KPUBOJIIHIHHOTO CEKTOPA Y MOJISIPHUX KOOPAUHATAX

Hexaii y monsipHiii cucTteMi KOOpAUHAT MAaEMO KpUBY, IO 3a/laHa PIBHSHHSAM
p=f(0), ne f(6) - HenepepBHA QYHKILIS IPU ¢ <O< .

Busnaunmo momy cextopa OAB , oOMexeHOro KpuBow p=f(9) 1
paniycaMu-BeKTOpamMu @ = o, 6 = . Iloninumo nany o6iacTh pazilycaMu-BeKTOpaMH

a=6,,0=6,...,6, = Ha N YaCTHUH.

[Toznaunmo uepe3 Af;,Ab,,...,A0, KyTH MDK TPOBEACHUMU paJlycamu-

BekTopamu (puc. 6.4).

Hexail p; - NOBLIBHMIL paailyc-BEKTOP, IO BIANOBIAAE KYTy #, MIXK 6, ; Ta

6;. Po3risiHeMO KpyroBuii CEKTOp 13 PafilyCoOM p; Ta LEHTPAIbHUM KyTOM A, . Horo
. 1 1& 1

mwioma Oyne NOpiBHIOBATH AQ, =~ p; -A6. Cyma Q, = *Z D; A6, = *Z [ (A j A6,
2 2 1=1 2 =1

Jdac€ 1oy CTyrIiH‘-IaCTOFO CCKTOpa.

Puc. 6.4

OCKinbKH Lsi cymMa € iHTerpambHOr cymorw mut ¢ymkuii o’ = f @] na
. . . 1/
BIIPI3KY a <6< B, TO Ii TpaHulsd Npu MaxAg, — 0€ 03HaAYEHUH 1HTErPal > jpzde.

BiH He 3anexuTh BiJ] TOTO, IKUH Pajlyc-BEKTOp p; MU OEpeMo y cepeiiuHl KyTa Af, .
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[{ro rpaHuL0 TPUPOIHO BBAKATHU IIYKAHOIO Tuionieto Girypu. Takum 4rMHOM, 1011

; )
cektopa OAB nopiBHioE Q = ; jpzde ,a00 Q= ; j[ deé?.

Ilpuxnao 22. O64MCIUTY TIIONLY, IO OMUCAHA MOJIAPHUM PajilycoM cripai
Apximena p=agp IOpHU OJHOMY ii 3BOPOTI, SKIIO NOYATKy PyXYy BiANOBIAAaE ¢=0.

[Tpu otHOMY 3BOPOTI HOJSAPHUI KYT 3MIHIOETCS Bl =0 10 ¢ = 27 . Takum 4uHOM,

2 3%x

1%% 1% a
== [p¥dp== [a%p?dp="22
onfpcozofcocoZS

4
= 7%a’.

3

0

6. 4. JloB:KkHHA 1yI'¥ KPUBOIL

Mae
Hexalt y npsIMOKYTHHX KOOpJIMHATaX Ha TUIOLIMHI PIBHSHHS JESKOi KPUBOI

BUIISA Y = f(X). 3HAlAEMO TOBXKUHY JIyTH, PO3TAIIOBAHOI MIXK TPSIMUMU
X=a 1 X=Db. BizbMeMo Ha Ay31 AB TOYKH 3 aOCIIHCAMHU & = Xy, X;, Xy,.ee Xiyee X, =0 1

n

nodynyemo xopau AM;, M;M,,....M, B, ToBxuHU

AKMX MTO3HAYUMO BIATIOBIIHO Y€PE3 AS,, AS,,...,AS,. OJEPKUMO JIJaMaHy JIHII0
AMM,..M_ ,B,Boucany y nyry AB (puc. 6.5). JloBxuHa jgamMaHOi JOPiBHIOE

1=1

M, M,
Y 4 i-1 i — B
M z)W AY,
v 2 AX, Yi
1
A
0 ax X X4 X; b X
Puc. 6.5
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Hosowcunoro Oyeu Ha3UBAETHCS TPAHULS, O SIKOT MPSIMY€E JOBXKHHA BIUCAHOT
JlaMaHo1, KOJIU JIOBXKWHA 11 HalO1IBIIOT JIAHKH TIPSMY€E 10 HYJIS:

n
JloBenemo, mo AKImIo Ha Bigpisky & < X <D ¢ynkuis f(x) Ta ii moxigna

f’(x) HemepepBHi, TO IS TpaHUIl icHye. BBenemo mo3HaueHHs: Ay, = f(X,)— f(X_,).

2
Toni, 3a Teopemoro Ilidaropa, As; :J &y = 1+(i§‘] . AX;. 3a TEOPEMOIO

%:M::f’t_\ e
AX; X; — X4 -

Jlarpanxka (TeopeMa MpO CEPEIAHE) MAEMO:

X1 <& <X,

OTtxe, AS :m.&i_

Takum 4MHOM, TOBXKHHA BIIUCAHOI JIAMAHO1 IOPIBHIOE S, = Z\ 1+ [ '€ jAXi :

3a ymosoro, f'(X) HENepepBHa , OTXKe, (PyHKIis vi+ [’((j TaKOXX HElepepBHa.

Tomy icHye rpaHuLs iHTErPATBHOI CYMU Sy, SIKa JIOPiBHIOE O3HAYEHOMY iHTETpay:

s=_lim iﬁu[’ﬁj-Axi:bj\/H[’(( X.

maxAx; —0

Otxe, popMyna 1151 OOUUCIIEHHS TOBKUHU YT MA€ BUTJISIL:

b b 2
S= j\/l_}_ [’(( X= j 1+(%j dx. (62)

2 2 2
Ilpuknao 23. BU3HaUNTH TOBKHUHY KOJIa X“+y =rI".
CrnoyaTky 00YHMCIMMO JOBXKHHY YBEPTI KOJa, PO3TAIIOBAHOI Yy MEpPLIOMY

dy X

. 2 2

kBazapaHTi. PiBHsHus gyru Oyge Y = VI —X°, “=—————.  Orxe,
dx - =X

1 " NG P X' oz
“s=|.1+——— .dX= |-———dx=rarcsin—| =r=.
4 OI\ Ty !A/rZ_XZ r, 2

JloBxuHa ychoro koma S = 27
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SIkio kpuBa 3ajaHa y napamerpuuniii gopmi: X =90, y=y() €=t <B_ ne

4
dyHKIil o). v(®) r1a ix noximmi HenepepsHi, npuaomy, ? (®) HE JIOPIBHIOE HYJIO Ha

k5.

Y TakoMy BUIIAAKY gi: W,:< Hexan a:(p(x;b:V/(B\. Tonmi, BUKOHABIIU Yy
0 C _

iHTerpaii (6.2) migcTaHoBky X = (0(; dx = gﬂ'(z'jt , OJIEPIKUMO

s = :[\/H{Z—:%;co'@t = j\/ b Cl+ b Clot.

Ilpuknao 24. O6uucnutTu AOBXKUHY acTpoign X = acos’t, y =asin’t.

OCKUIbKM KpUBa CHUMETPHYHA BIJHOCHO 000X KOOPJIMHATHHUX OCEH, OOYUCIMMO
JOBXKUHY i1 YBEPTI, PO3TAILIOBAHOI y MEPIIOMY KBaJpaHTi (puc. 6. 6).

A
y
a
a I
_a X
-a
Puc. 6.6
dx 24 cins QY L2 : :
at - —3acos” tsint, at - 3sin“tCcost. [Tapamerp t Gyne 3minroBarucs Bix 0 10

/2. TakuM 4uHOM,

zl?2 7l2
1q jx/9a2 cos*t-sin’t+9a2sin*t-cos? tdt = 3a .Ncosz t.sin?tdt =
0

0

zl2 zl2

=2
—3a jsint-cost dt=3a3""t
0
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6. 5. loBkuHA 1yru y NOJSIPHUX KOOPAUHATAX

Hexaif y moyiisspHAX KOOpJMHATAX 3aJaHO PIBHSHHS KPUBOi £ = f €0 e p-
HOJIIPHUN paflyc, § - NOasApHUNA KyT. POpMyIn Nepexoay BiJ MOISIPHUX KOOPAUHAT
0 JIEKapTOBUX: X = pC0SH, Y = psing, abo, 3aminHoun p Ha @, ogepxumo
x=f(0)cosh, y=f(@)sing. Lli piBHIHHA MOXHA PO3TIIANATH SK TMapaMeTPUUHI
PIBHSIHHSL KpUBOI, TOMY JOILIJIBHO BUKOPUCTATH IJs1 OOYHMCIEHHS JOBXUHHU IyTU
dopMmyiy, ofep)kaHy IJs LbOTO BUIAAKY. 3HaWIEeMO MOXiAHI BigA X Ta Yy TO

napamerpy 6.

32: f'@ Goso— f @ 3ing, 32: f'@3ing+ f @ goso.

. dx ) (dy) g, et 2
Toni (@j +(d—9J - e3+fe€l]=¢"+p> Orxe,
s
s= Vo’ + @ 2do.

Ilpuknao 24. 3uaiiTy JOBXKUHY Kapaioinn p=ad+ COSH:.

AY

p=a(1+cosf)

Puc. 6.7

3MIHIOIOYH TIOJSIPHAUI KyT 6 Bix 0 10 77, OJIEp)KUMO TMOJIOBUHY IITYKAHOT JTOBXKHHHU.
Maemo: 0’ =-asiné. Takum yuHOM,

S= 2.|'\/a2 (+cosg 5 +a’sin’ 9do = 2a [./2+2cos0d6 = 4ajcos§d0 :8asing = 8a.
0 0

0] o]

6.6. O0uucaeHHs 00’ €MiB TiJI 32 MONepeYHUMH NePeTUHAMH
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Hexaii maemo nesxe Tino T. Ilpumyctumo, 1o Bigoma Iuioma Oyab-sKOTO
MOTNIEPEYHOr0 MEePETHHY TiJa IUIONIMHOK0, M0 MepreHauKysipHa oci Ox. 1lg mioma
OyJze 3aje)xHa BIJ PO3TalllyBaHHS CIYHOI IUIONIMHM, TOOTO Oyjae (YHKIE BiJ X:

Q=Q¢.,

[Ipumnyctumo, 110 Qg - HernepepBHa (PyHKIs Big x. BusHauumo o6'eM naHoro
tima. IlpoBegemo N mmommua X=X =& X=X, X=X;,...,. X=X, = b. i mromuau
po3i0’10Th TIO Ha mapu. Y KOXHOMY 3 MPOMDKKIB Xi1 <X=<X; obepeMo NOBUIbHY
TOYKY Si 1 JIJIs KOXKHOTO 3HAUCHHSI 1=12..n noOyayeMO HUITIHIPOBE TiJI0, TBIpHA

SKOro mnapajuenpHa 70 oci Ox, a HampsMHa IpeJCTaBlisie COO0I0 KOHTYp NEPETUHY

tina T miommuolo X =&+ O6'eM Takoro €JIEMEHTApHOTO ITWIIHApa 3 TUIOICHO

™ = . .
ocuopu Q€ ~ €.1<& <X ta Bucotoro AX JIOPIBHIOE Q€ Bxi. O0'eM BcCIiX

n
MWTHIPIB Oye Vi = ;Qﬁ Bxi .

Cpanwns miei cymu mpu MaXAX — 0(gxmio BoHa icHY€E) Ha3UBAETHCS 06’ €MOM JAHOTO
p y p y

n
Tima V= ma!('AT_)O;in }Xi'OCKiHBKI/I Vi MpeJCcTaBiisie cOO0I0 IHTETPAIbHY CyMY

s Henepepsroi dynxuii Q€ ma Bimpisky @<X<b,ro ng rpannns icuye i e

O3HAYEHUH THTErpa:

V= t].Q(@x.
: (6.3)

Ilpuknao 25. O6uucnut 00'eM TpUBICHOTO enincoizna (puc. 6.8)
x> y* z?
2 2

2
7+b72+7:1.

QD
()
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Puc. 6.8

VY nmepeTuny enincoina IJIoNMHOIO, M0 MapanenbHa mionmHi Oyz 1 BigganeHa

BiJl HEel Ha BiJICTaHb X,0/ICPKUMO €IIITIC

2 2 2

Y .4 1. y _
2 2 2 2 2\

NG x?
ne b =b1-—, c = c\ 1-=, -miBBICH enirnca. AJe IIoma TaKoro €JiIca JOpIBHIOE
a a

2

MC,, Tomy Q€ = ﬂbC(l— zzj O0G'eM enirncoina Oyae TOpiIBHIOBATH

g
= mabc
) 3728.

a X2 X3
7ZbCJi azj X 7zbc(x 3a2) a

Jlo peui, komm a=b=C enincoin mepeTBOPIOETECS HA KYJIO 1 y IIbOMY BHITAIKY

v—ﬂﬂ;a3
=,

6.7. O0'em Tii1a 00epTaHHSA

PosrinsHemMo Tino, yTBOpeHe oOepTaHHSAM HaBKojo oci OX KpHUBOJIHIHHOI
tpamewuii aABDb, oomexenoro kpuBoro Yy = f(x), Biccto OX Ta npsmumu x=a, y=b.

Y upomMy BUNAAKY MEPETUH Tija TUIOHIMHOO, 110 NeprneHauKkynsapHa oci OX, €

kpyr, wioma skoro Q=z7Y’ Zﬂ'[ ((j BuxopucTtoBytoun 3aranpHy (Hopmyity
(6.3) st oOuucieHHsa 00’emy, ofepxkuMo Ghopmyiy sl OOYUCIEHHS 00’emMy Tijia
oOepTaHHs

V= 7rt].y2dx = ﬂt].[ ((jdx.

Ilpuknao 26. 3uaiitn 00'eM mapabosioiga oOepTaHHs, O OACPKYEThCS OOEPTaHHSIM

naBkoao OX mapabomu Y= X%, skmo 0<x<1.
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511

1 1 X
_ 2 _ 4 A N
V_7r6|.y dX_7r6|.X dX—7T5 ="

0

3ayeaoicenns. SIxkuo kpuBa odepraeThecsi HaBkoJI0 OY, To popMyna st 0OOUUCICHHS
, . V=1 I x2dy
o0’emy Tina obepTaHHs HaOyBa€ BUTIISAY: ' AC
C

[c, d] — Bigpi3oK, HA IKOMY 3MIHIOETBCS Y.
6. 8. [L.1o1a moBepxHi Tiia 06epTaHHs
Hexaii nana moBepxHsi, IO OJiep>KaHa 0OepTaHHSAM KpHUBOI Y = f(X) HaBKOJIO

oci OX. BuzHaunmo o1y 11i€i moBepXHi Ha BIIPI3KY E, b .

[Ipunyctumo, mo f(x) HemepepBHA 1 Mae€ HEMEPEPBHY MOXIAHY Ha BIJIPI3KY E,b:.
IIpoBenemo  xopau AM,,M,M,,...M_,B, OBXHHH SKHX [O3HAYUMO

AS;, AS, ..., AS, (puc. 6.9).

Koskna xopaa 10BKUHU AS, ipy 00€pTaHH1 OMUIIE YCIYEHUI KOHYC, IJI01Ia MTOBEPXHI

2
. y|_ + yl Ayl
SAKOTO NOpiBHIOE AP, =27 12 AS;. Ane As, —x/TY. | ( J AX;.

_$_._..— Oy

S e~

l(‘l
Y

~

Puc. 6.9

BukopucroByroun teopemMy Jlarpanxka, oaepxKumMo

Ai f |\f i
Aii ((X)—X((lj fflslle X|1<95|<X
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Otxe, As; =1+ "2 € Dx, AP, =27 Vit 2+ Y 1+ f72 € Ax . Ilnorna nosepxHi,

OTMCAaHOI J1aMaHoo, Oyjie TOPIBHIOBATH

P :Z”Z Yi12+ Yi \/1"' £12 ¢ }Xi,

abo CYMI Pn = 72'[ ((i—l :+ f ((i D 1+ f 2 fi BXi . (63)

['panuns 1miei cymMH, KOJW HaWOLIbIIA JIaHKA JIaMaHOI MpsAMY€E J0 HYJS,

HA3UBAETHCS NIIOWEI0 NOBEPXHI 0OepMAaHHsL.

Cyma (6.3) He € IHTEerpalIbHOIO0 CYMOIO I (PYHKITIT

27 f (%) 1+ [P (6.4)

OCKIIBKM B JIOJaHKY, 0 BinmoBimae Binpisky [, X , dirypye nexinpka TodYOK

IIbOTO BIJpPI3KA X 1, &,X;. AJle MOXKHaA JJOKa3aTH, 110 rpaHuns cymu (6.3) HOpIBHIOE

rpanuil cymu Juist GyHkiii (6.4), To6To

P=_lim ;zZ [ 6.+ 10 e €T = lim 7>72f € v € Ix,
b
260 P:ZﬂJ.f ((?/l—l— ['(X) X (6.5)

Ilpuknao 27. BuzHauuTH IOy TOBEPXHI MMapadosioifa , yTBOPEHOro oOepTaHHSIM

) 2 ) ) .. )
HaBKoJIO ocl OXayru mapabomm Y™ = 2 pX , 1110 BiamoBizae 3miHl X Big X=0
JO0X=a.

—\WY—i W \/

a 2X + a
3a Qopmymnoro (6.5) onepxumo P =27 |2 px\/ZXde =2r./p I\/ 2X+ pdx =
0 0

32



2 1/
:2”\53@” p>"° )

27| p -
O: ;Fkaanj”—p?”z

6. 9. O0unceHHs1 poOOTH 32 JONIOMOI0I0 03HAYEHOI0 iHTerpaJja

Hexaii mij miero nesikoi cuiu F maTepianbHa TOYKa M pyXaeThes 1O MpsiMii
Os, mpuyoMy, HampsIMOK CHUJIU CITIBIAJAA€ 13 HAPSIMKOM pyxy. [loTpiOHO 3HalTH
poOoTy, BUpOOJIeHY CHIIOI0 F Ipu mepemilieHHi Touku M 13 OJIOXKEHHS S=a y
MOJIOKEHHST S=D.

1.5Ixmo cuna F ctana, To podoTa 4 BUpakaeThCsi TOOYTKOM cuiii F Ha
JIOBKUHY ILIAXY, T00T0 4 =F§-a .
2 Ilpunyctumo, mo cuna F Oe3nepepBHO 3MIHIOETHCS Yy 3aleKHOCTI  Bij
MOJIOKEHHST MatepiainbHOi Touku M , TOOTO mpeacTaBisie co000 (GYHKIIO,

HEMepepBHY Ha BIJIPI3KY [1, b:.

Po3i6’emo Bipi3oK E,b: Ha N JOBUIBHUX TOYOK 13 JOBKHUHAMHU AS,AS,,...,AS,
MOTiM Ha KOXHOMY Binpisky [.;,s,  BHOepeMo NOBiNBHY TOuUKy & 1 3aMiHHMO
poboty F¢ Hamuaxy As, {=12,...,n_ mobytkom F € As,.

Ile o3Hauae, M0 Ha KOXHOMY BIAPI3KYy MU IpHilMaemo cuwily F3a crany, a
came, BBakaeMo F =F(s). ¥V Takomy BunajKy Bupa3 F € As, IIpu J0CTaTHHO MaloMy

AS; nae mnpuOIM3HE 3HA4YeHHs pobotm cwid FHA 1OUAXy AS;,, a cyma

A = Z F € s, Gyne HabnmxeHNM 3Ha4eHHIM po6OTH CHiM Ha Biapisky b’
1=1

OueBunHO, A, npeACcTaBisie COO0I0 IHTErPAIbHY CYMY, CKIaJeHy I QYHKINT
F = F(s) ma Bigpisky |b . I'panuus uiei cymmn npu maxas; -0 icHye i Bupaxae

poboty cunn F(S)Ha HUISIXY BiJ TOYKH S=a 0 TOYKH S=0D:

A= J'F € s, (6.6)

Ilpuknao 28. CtucKyBaHHS T'BUHTOBOI NPYXUHU MPOMOPUIAHO MPHUKIAIEHOT CHII

F . O6uncinru po0OOTy cunu Frpu CTHCKyBaHHI TMPYKMHU Ha 5 CM, AKIIO IS
cTHCKyBaHHS 11 Ha 1 cMm moTpiona cua 10 H (puc. 6.10).

[ Fl Is

JIoBX1HA IIPYKUHU

\ 4

y BUXITHOMY
MOJIOXKEHHI1
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/ /S
Puc. 6. 10

Cuna F i nepemimenns S sp’s3ani sanexmictio F = kS, ne Kk —crana. Hexaii
SBHpaXKeHO y MeTpax, Fy Hberotomax. IIpm S=001 F=10. To6to 10=k.0,01,
3BigKu k =1000, F =1000S. BukopucroByrouu ¢popmyiy (6.6), Mmaemo:

0,05

A= j 1000sds = 1000
0

0,05

=125]]x.

0

SZ

7. 3ABJIAHHS 1151 CAMOCTIMHOI POBOTHU

1. O04ucauTH iHTErpasn:

) ‘j‘ dx ) _]‘3 dx
LY (RRSN 7%/@-x
1 1
- xdx
3 *-1 efdx, N e
) 5[( - ) 6‘-(2+1é
1
5 ej dx 6 2Jede
I i—anx? 'S
> . 4 cos® xdx
5
7 6fcos xsin 2xdx 8)72 TR
2
2 . V.4
SN L
9) I[ 20X 10) jctg pdo.
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V4

2
11) J'x cosxdx.
0

/3
13) ij sin xdx.
0

a7 y3dx
15) | 7———-
0 3{/8.2 + x?

1
17) j\/1+ x2dx.
0

25) .4dx.
T o X

« |sin® Zdx.

27)J 5

de

29
)1

2
12) [xlog, xdx.
1

a
w [a X
0

2
16) [e* cosxdx.
0

xdx

VAX 45
1'x&dx

1+x -

18) j

20)

- Xdx
2 1 X

1
26) Ixzx/l— X2 dX.
0

4
28%) j ctg’ 2xax.
]

zl4

30) jtg3xdx.
0

2. O0YMCANTH HEBJIACTUBI iHTErpaju a60 BCTAHOBUTH iX po30ikHiCTH
(NeNe 1 — 24); nocaiauTu 30iKHiCTH iHTErpajinB

(NeNe 25 — 30):



*eIn xdx
9 | o
1

11) J'xze‘x’zdx.
0

13) sze‘x3 dx.
0

15) Jxﬁ'

Lx—1

v _ﬁﬁ |
19) j Joay

21) llf dx

o
g XIn® X

1

Oex
23) |—dx
)JXB

“edx
10) JX

arctgxdx

12) j

14) jxsin xax.
0

20 xdx

16) Y
18)_[

xInx’

20)

LW-

22) J-X —I—l

Lx—1
24y (XL
b



X+1

26)_[
g j(<5+x 5 [ G
“r xd
9 [ 0 [ e

3. 3aCT06yBaHHﬂ O3HAYCHOTI'0 iHTeI‘paJ'la

OO0uucauTH WiIomi ¢iryp, ooMe:keHuX HACTYMHUMHU Jinisimu (1-25):

1) y* =2x+1, x-y-1=0. 2) y=6x—x*y=0.
3)y:x3,y:8,x:0. 2 y* =1-X, Xx=-3.
5)y:4_x2,y:o. 6) Xy=6,X+y-7=0.
7 Xy=4,x=1,x=4,y=0. 8)y:Inx,x:e,y:0.

9) p=2C0Sp, p=2:/3singp, 0S¢£g.

; T
10) £ =C0Sp, p=sing, 03(036.

11) 0 =C0Sp, p=2C0Sp. 12) o =SINgp, p=2sing.
13) p=3sing, p=>5sing. 14) ,0=6C03(p,,0:3 023:
15) P =sin6y. 16) £ =C0S3p.

. . T
17y p=2sing. 18) p=-/3¢0sp, p=sing, 0£¢§6.

37



X =4./2 cos’t, ~ X = +/2 cost, -
19) X=2,€&=2. 20){ y=2,¢>2.

y = 2./2sin’t, - y = 2-/2sint, -

21) y=4¢- Cost\ ()<X<87z,y24: y = 2sin’t, X=2,4=>2.

{x 4€-sint ) y=4, ) {x=16cos3t, -
22

X = 2cost, y:3’«232 24){x:Gc_ost, y:ﬁ,(/zx@?

23) = 6sint,

y = 2sint,

x=3(-sint
25)

y—3(costy YTH@<X<bmy=3.

26). Kpyr x* +y? <8 moaijeHHuii mapadosioro y =X’ /2 Ha Bl YaCTHHU. SHAUTH

w101l 000X YaCTHH.

27). 3naiiTu wionty ¢irypu, 0OMeXeHO1 OJHIEI0 apKOKO UKIIOi U

X=a({ —sint: y =a{~cost _ Ta Biccro abcnuc.

3HAWTH JOBKUHYU IYT HACTYNHUX JIiHii (28 - 42):

28) y=InxBig X, =-/3 10 X, =-/8. 29) y=In(l—x*)Big x, =0 10 X, ==

y=—Incosx, 0<x<zx/6.
30)

31) y=\/m+arCCOSX, 0<x<8/9.

32) ¥=2-¢" In3<x<In.8.
33) y=1-Insinx, z/3<x<7/2.

x =4¢€ost +tsint 5

. <2r.

34) |y=4gint—tcost] — ~ 7
x =e' €ost +sint ; cte

35) |y=¢'gost-sint; =7
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X = 1cost —ECOSZt,
2 4

36) y=_sint—=sin2t, 2 3
2 4
:3€3¢’/4,—£g <7 p:l—Singp,—Zggpg—z.
37)p 27772 38) 2 6
—3(+sing), - £ <p<0. —5(1—cosp), - X <p<O0.
39) P 2 6 4 40) P ® 3 »
- /4 T
p=2sINp,0<p< . =8c0sp, 0<p< -
41) 6 42) p PE=0=y

43). 3HaliTH TOBXKHMHY AYTH cripani ApxiMena 0 = ¢ BiJ MOYaTKy J0 KiHIA
MIEPIIOTO 3aBUTKA.

44). 3HaiiTi TOBXUHY OJHI€l apKu 1MKIoinu X =a({ —sint; y=a{—cost .

45). 3uaiiti moBxuHy Ayru diHii Y =In(SinX) Bix Xx=7/3 mo x=27/3.

46). 3HalTH IJIONTY TIOBEPXHI TiJIa, O OJEPKYETHCS MTPH 00epTaHHI KoJja

X% + y2 = R? HaBKOJIO ocl OX.

47). 3HalTH IIONTY TIOBEPXHI TiJIa, O OJIEPIKYETHCSI IPH 00EepPTaHHI
cuHycoign Y =SiNX (Bix X=0 10 X =) HaBKOJIO OCi OX.

48). 3HalTH IJIONTY TIOBEPXHI TiJia, [0 OJEPIKYETHCS MIPH 00EePTaHHI OJHI€]

apku nukiaoign X =a ( —sint; y=a (—COS’[: HaBKoJ10 ocl OX.

3HalTH 00'€MH TiJI, 110 01E€PKYIOTHCS PU 00epTaHHI HABKO0JIO oci OX
(diryp, oOmexeHux JiHisiMu:
49) xy=4,x=1,x=4,y=0. 50) y =sinx(Bix Xx=0 gm0 X=71).

51) y—&-1% y=1. 52) y=x%, y=x°
53) y= €-1%, x=0,x=2,y=0. 54) y=X, y=X
55) Y=InXx, x=2,y=0.

3HaiiTu 00'eMHU TiJjl, IO 01E€PKYIOTHCS NMPU 00ePTAHHI HABKOJIO OCi
Oy ¢iryp, o0MexkeHHUX JiHIAMMH:

56) y* =4—X, x=0. 57) Y=2X-X", y=—X+2
58) y =X, y=1/x.
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59). 3naiiT 00'eM Tina, IKE OJAEPKYETHCS MPU 00EPTaHHI HABKOJIO OCi
Oy (irypu, ooMexeHol mapadoior Yy = 2Xx—x* Ta Biccro abCIuC.
60). O6umcnuTH 00'eM Tija, 0OMEKEHOTO STINTUIHUM MapadoI0igoM
X2y
Z="+"— 1ammomunoio Z=1.

4 2

61). O0umcauTH 00’ €eMH TiJI, OOMEKEHHUX TTapadooinomM Z = X° + 2y2 Ta
emincoimom X° + 2y2 +2% =6.
. 2 y2 ZZ
62). O0uucauTH 00'eM emincoina stato" 1.

Z=X*+4y? 7=2.
63). 3HaiiTu 00'eM TiTa, 0OMEKEHOTO MOBEPXHIMHU

3HalTH 00'€MH TiJI, 00MeKeHUX MoBepXHsAMH (64 — 66):

X° y* oz 2 2
24X 4% 1z7=1z7=0. z=2Xx°+8y*, z=4.

64) 16 9 4 65) Y
x2+1y2—22:12:0,z:3.

66) 4

67). IlIBuaxicTs Tina gaetsesa popmynoro V =-/1+t wu/cex. 3naiitu Bigcrans,
110 npoiine o 3a nepui 10 c. micias noyaTky pyxy.
68). Ilpu rapMOHIMHOMY KOJWBAJIBHOMY pyCi B3JIOBX OCi aOCIIMC HABKOJIO

MOYaTKy KOOpJIUHAT IIBUKICTD OTHCYETHCS dbopmyoro
dx 2 27t .
a:?CO ?+(po (t - gac, T- mepiox KoJHMBaHb, ¢,- IMOYaTKOBa (aza).

3HalTH TOJIOKEHHS TOYKM Y MOMEHT 4acy t,, SKIIO BIJOMO, III0 Y MOMEHT t,
BOHA 3HAXOJIUJIACH Y TOYII X = X,.

69). BusnauuTti poboty, Ky Tpeba BUTpaTHTH, mo6 migHsatn macy M 3
MOBEPXHI 3eMJIi Ha BUCOTY h.

Bxazieka. Cuna F3eMHOro TsDKIHHA Ha BIJCTaHI X B LEHTpa 3eMJi
BU3HAYAETHCS 3 ponopitii F:mg=R?:x?, ne R- pamiyc 3emii.

70). O6unciautu poboty posrsarysants Ha 0,001 m MiZHOTO APOTY AOBKHUHOIO
1 m 3 paniycoMm nepeTuny 2 mm.

Brasiexa. Cuna F H warsruenns IpOTY JOBXWHOKO | M Ta IJIOLIEO

2 -
MIEPETUHY S(MM )an nonoBxkeHHi ii Ha X M BU3HAYAETHCA (POPMYIIOO
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