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Buma wMarematuka 03 TiepeOUIBIICHHS € OJHIEI0 3 HaWBaKIMUBIIIUX
CKJIAJIOBUX MPaKTUYHO YCIX MNPHUPOJO3HABUMX 1 TEXHIYHUX JUCHUIUIIH. Tomy ii
BUBUYEHHS BKpail BaxuuBe I (PyHIaMeHTanbHOI ()axoBOi MIATOTOBKH CYYaCHOT'O
1HXeHepa.

Jlexuii 1 mpakTUYHI 3aHATTS, K1 MPOBOJATHCA JJI CTYACHTIB 3a04HOI (popmu
HaBYaHHs, HOCATh IEPEBAXKHO OIIISAI0BUI XapakKTep. IX MeTa — CTBOPUTHU YSBY ILO0
3arajbHOI CXeMH MOOYJOBH JAHOTO PO3ALLY MAaTEMAaTHUKH, O3HAMOMUTH 3 OCHOBHUMHU
TEOPETUYHUMU BIJOMOCTAMHM 1 METOJIaMH PO3B’SI3aHHS TUMIOBUX 3a/1a4. [ 0JIOBHOIO XK
dbopMOI0 HaBYaHHS CTYJEHTa-3a04YHUKAa € caMocCTiiiHa pobOorta. BuBueHHs
TEOPETUYHUX TMOJOKEHb JOLUIBHO CYNPOBOJXKYBATH CAaMOCTIMHUM pO3B’sI3aHHAM
BIIMOBIHUX 3a/ay 1 JIMIIE MICJasl BUPOOJICHHS JOCTaTHIX MPaKTUYHUX HABHUYOK
MPUCTYIATU 10 BUKOHAHHS 3aBAaHb KOHTPOJIbHOI poOoTu. HeoOxiaHi KOHCYyIbTaIlii
MPOTArOM HABYAIBHOTO CEMECTpPY HaJaloThCAd BUKIAJa4aMH akajaemii 3rigHo 13
3aTBEPKEHUM PO3KIIAJI0M.

Coorogni B [HTEepHETI HEBa)KKO 3HAWTH BENWYE3HY KUIBKICTh JIITEpaTypu 3
OyIb-KOi TeMH, B TOMY 4YHCIl 1 3 BHUIIOI MareMatukud. ToMy A0 CIHHCKY
PEKOMEHIOBAHOI JITepaTypy YBIMIILIM JUIIE JIeAKl 3 HAMOUIbII Y)KMBAHUX HA JYMKY
aBTOpiB JUKepen. Pexomenpalii 1moao iX BHUKOPUCTAaHHS JdaHl Yy METOIUYHHUX
BKa3iBKax JI0 BUKOHAHHS KOXHOI KOHTpOJIbHOI poOoTH. KoHcynbTalii BIZHOCHO

HIIUX MIAPYYHUKIB CTYJIEHT MOKE OTPUMATH Y BUKJIa1aya.



POBOYA ITPOI'PAMA

HABYAJIbHOI JUCHMILIIHH
«BUINA MATEMATHKA»

Po3noaizt HaBYAJIBLHUX I'OAMH

IT cemecTp

KinbkicTs roann o
KinbkicTs ®
AyIHTOPHHX 3aHATH CamocriiiHoi KOHTP. JOPME
yCbOro TpakTHYHUX podoTu pooiT prrHocT!
Yeboro | Jlekmiit
3aHATH
255 44 22 22 211 1 e€K3aMeH

3MicT mporpamu

11. IloaBiiiHnii i KPUBOJIIHINHI IHTErpaam Ta iX 3aCTOCYBaHHA

37. O3HavyeHHs MOABIMHOIO 1HTETpaia y JeKapTOBUX KOOPJIUHATAX, YMOBU MO0
ICHYBaHHsI, TECOMETPUYHHI 3MICT 1 OCHOBHI BJacTUBOCTI. OOUYHCICHHS MOABIHHOIO
IHTerpaia y AeKapTOBUX Ta MOJISIPHUX KOOPIMHATAX.

38. O0uuncnaeHHs WO TIOCKOoi (hirypu, 00’ €My Tija Ta TUIOIII MOBEPXHI.

39. 3acTocyBaHHsS NOJABIHHOTO IHTErpajia NpHU PO3B’SI3yBaHHI JAESIKUX 3aaad
MEXaHIKU: OOYUCIICHHS CTATUYHUX MOMEHTIB, KOOPJMHAT IIEHTPY Mac Ta MOMEHTIB
1HEePIIii MITOCKOT MJIATIBKH.

40. IloHATTS KPUBONIHIMHOTO IHTErpaja MEpIIOro pojy, MOro reoMeTpuyHun
3MICT 1 00UUCTIEHHS ISl PI3HUX CIIOCO0IB 3aBJIaHHS KPUBOI.

41. TloHATTA KPUBOJIIHIMHOIO IHTErpajga APYroro poay, Woro (Gpism4Huil 3MICT,
OOYHCIIeHHS, 3B’ S130K 13 MOJABIMHUM iHTEerpanoM (popmyna ['piHa), He3aNEKHICTh BiJl

HUIAXY IHTETpyBaHHS.
12. [IndepennianbHi pIBHAHHA NEPLIIOTO MOPAAKY

42. 3apadi, K1 IPUBOIATH 10 AudepeHiadbHUX piBHSIHB. [IOHATTS 3BUYaHOTO

audepeHIliaIbHOTO0  PIBHSHHS MEPIIOro MOPSAKY, 3arajJlbHUi Ta YacTUHHUU



pO3B’sI3KH, iX reoMeTpuuHuii 3MmicT. 3amada Komri Ta i reoMeTpUYHUN 3MICT.
Teopema Kot (mpo icHyBaHHS 1 €eAMHICTH PO3B’ 3Ky 3anaui Komi). Iudepenuianbi
PIBHSIHHS 3 BIJOKPEMJICHUMH Ta B1IOKPEMIIIOBAHUMU 3MIHHUMH.

43. OnHopinHi nudepeHialibHl PIBHAHHA NEPIIOTO MOPAJIKY Ta TakKi, 10 0 HUX
npuBoaAThes. JliHiHI  AudepeHIianbHi PIBHSIHHSL [EPHIOrO MOPANKY, 1X
po3B’si3yBaHHs MeTonamu Jlarpamka (Bapiamii JgoBUIbHOI cTajnoi) 1 beprymmi.
PiBusinas bepnysumi.

44. TTocTaHoBKa 1 pO3B’sI3yBaHHs 3a/1a4 T€OMETPUYHOIO 1 (HI3UYHOTO 3MICTY, SIKI

MPUBOJATH /10 3BUUAHHUX AUPEPEHIIAIbHUX PIBHAHD IIEPUIOTO MOPSIKY.

13. IndepennianbHi pIBHIHHA BUIIMX NOPAAKIB

45. TloHsATTs 3BUYAHOrO AMQEPEHIIATIBHOIO PIBHSIHHS BUIIOTO MOPSJIKY.
Po3B’s130k piBHAHHS. 3agada Korri.

46. Heski tunu nudepeHuialbHUX PIBHSAHb BHUILKUX MOPSAIKIB, IO JOMYCKAaIOTh
MOHKEHHS TOPSAKY.

47. Tlonarta niHIHOTO OU(EpPEeHIaTbHOTO PIBHSHHS M-TO MOPSAKY. 3arajbHi
BJIACTUBOCTI.

48. YMOBHU J1HIAHOI 3aJIEKHOCTI 1 HE3aJIEKHOCTI cucteMu (PyHKIiH. BuzHauHuk
Bponcekoro ta ioro BaactuBocTi. @yHIaMEeHTalbHA CUCTEMa PO3B’SA3KIB JIIHIHHOTO
OJIHOPIIHOTO PIBHSHHS, HEOOX1JHA 1 JOCTaTHsA ymoBa ii yTBopeHHs. Teopema mpo
CTPYKTYpy 3arajbHOro po3B’si3ky. I[loOymgoBa piBHAHHS 3a (QyHIaMEHTaILHOIO
cuctemoro. Po3B’s13yBaHHs JNIHINHUX OJHOPIAHUX MU(DeEepeHiaTbHUX PIBHSIHB BUIINX
MOPAJIKIB 31 CTaTUMU Koe(DillleHTaMH.

49. JliHiiiH1 HeOAHOPIAH] NudepeHianbHl PIBHAHHS BUIIUX MOPSAKIB: TEOpeMa
PO CTPYKTYpY 3arajlbHOro po3B’si3Ky, MPUHLHUI CYNEPHo3uLii YaCTHHHHUX
po3B’si3KiB. PO3B’si3yBaHHSA PIBHAHBb 31 CTAIMMM Koe(illEHTaMU: METOJ Bapiamii
TOBUTRHUX cTanux (Meton Jlarpawika), miagdip YaCTUHHOTO PO3B’S3KY Ta MOro
BIJIITYKaHHSI METOJOM HEBU3HAYEHUX KOE(IIIEHTIB y BUIMAJKY “‘CHeliaIbHOT MpaBoi
YACTHHH.

50. KaHoHiyHI 1 HOpMalibHI CHCTEMH 3BUYAHHUX AUQPEPEHIIAIBHUX PIBHIHb.
Po3p’s30k cucremu. 3agada Komri. Po3B’si3yBaHHS HOpPMalbHUX CUCTEM JIIHIMHHUX
nudepeHIiaIbHUX PIBHAHDb 31 CTalUMU Koe(illleHTaMH METOAOM IOCIIIOBHOTO

BHUKIIIOYCHHA HeBiIIOMI/IX.



14. Yucaosi paau

51. IloHATTS yKcAOBOrO psimy. 30LKHICTB 1 pO30IKHICTD pAy. Psaa reomeTpuyHoi
nporpecii, psa Hipixine. HeoOxigna ymoBa 301kHOCTI. JlocTaTHS yMOBa po301KHOCTI.
3aJIUIIOK YUCIOBOTO psiy. OCHOBHI BIACTUBOCTI 30DKHUX PSIIB.

52. Ilonsarra gakropiana. JloctatHi yMoBH (03HaKK) 301)KHOCTI YUCTOBUX PSIIB 3
JIOJATHAUMH WICHAMH: O3HAaKa MOPIBHSHHS y 3BHYAHHOMY Ta TPaHUYHOMY BUTJISI,
o3Haka [J[’AnamOepa, “pamukanpHa” o3Haka Komri, “iHTerpasipbHa” oO3HaKa
Maxknopena-Korri.

53. AGcomnoTHa 1 yMOBHA 301)KHOCTI 3HAKO3MIHHUX YHMCIOBUX PsAiB. 30DKHICTh
3HAKOMOYEPEI)KHUX pAniB (o3Haka JleiOHina). BmactuBocTi 3HaKOMOUYEPEKHUX

YUCJIOBUX PSAJIIB.

15. CreneHeBi psaau Ta iX 3aCTOCYBAHHSA

54. Tlonsarts dyHKIIOHANBHOTO psiay. OO6nacTe 30DKHOCTI 1 3aJUIIOK
(GYHKLIOHATBHOTO Py, a0CONIOTHA 1 YMOBHA 301KHOCTI.

55. TlonsTTss piBHOMIPHOI 30DLKHOCTI (PYHKIIOHANIBHOTO psAny. BracTuBocTi
piBHOMIpHO 301kHUX psiaiB. O3Haka Belepurpacca.

56. CteneHeBuil psAll SIK YACTUHHHUI BUMAA0K ()YHKI1IOHAJIBHOTO psAay. 301KHICTD
CTeneHeBUX psAniB (teopemMa AOens). Pamiyc Ta iHTepBan 301KHOCTI CTEIEHEBOIO
psany, ix o6uucienns. O6maacTh 301KHOCTI cTeneHeBoro psiay. OCHOBHI BJIaCTHUBOCTI
CTETICHEBUX PS/IIB.

57. Paau Teiinopa 1 Makiiopena. YMoBu po3BuHeHHs1 GyHKUII B psia Teisopa.
®opmyna Teinopa 13 3aiMIIKOBUM ujeHOM Yy ¢opmi Jlarpanka. Po3BuHeHHs
¢byukuid B psaau Teitnmopa 1 Makiopena. Tabnuisi HAMMPOCTIIIMX PO3BUHEHb Ta i
3aCTOCYBaHHSI.

58. HaOnuxeHi oOuyucieHHs 3HayeHb (YHKI[IM, BU3HAUYEHUX IHTErpajiB Ta
BIIUIYKAaHHS YAaCTMHHUX PO3B’S3KIB JIeAKUX Ju(depeHliadbHUX pIBHSIHb 32

JOIIOMOTI'OKO CTCIICHCBUX pSII[iB.

16. Psaau ®yp’e

59. Tlepioguuni npouecu. ['apMoHiIuH1 KoNMBaHHS. TPUTOHOMETPUUYHUI pAIl Ta

Horo BiractuBocTi. ['apMOHIUHUN aHaI3.



60. Tpuronomerpuunuii psig Pyp’e. Teopema 301KHOCTI psgy DPyp’e. YMoBu
Hipixie.

61. Po3Bunenns B psin Oyp’e neploJuyHUX QYHKIIH HA OCHOBHOMY 1 IOBUIBHOMY
npomikkax. Edext ['i66ca. OcobauBocti paniB @yp’e napHUX 1 HEMApHUX (PYHKITIH.

62. Po3BunenHs B pan Oyp’e HenepioguyHuX (PyHKITIH.

17. EneMeHnTH onepauiiiHOro YncJIeHHA

63. IleperBopennsi Jlarmaca: OCHOBHI TIOHSTTA 1 O3HauYeHHs. BiacTuBOCTI
nepetBopeHHs Jlamiaca Ta ix 3actocyBaHHs. Tabnuis 300pakeHb JEIKUX OCHOBHHUX
GbyHKITIH.

64. CriocoOu BiTHOBIIEHHSI OpUTiHaja 3a 300paxkeHHsIM. Po3B’si3anns 3agau Ko
IUTSE TIHIAHUX AU epeHialbHUX PIBHIHB 31 CTATMMU KOE(II[IEHTAMU 1 CUCTEM TaKHX

PIBHSIHb OIEpaliiHuM METO/IOM.

PEKOMEH/OBAHA JIITEPATYPA

HNIAPYYHUKHU 1 HABYAJIbHI ITOCIBHUKU

1. BomkoB W.K., KanataukoB A.H. MWuterpanpupie mnpeoOpa3oBaHus U
ornepanuMoHHoe wucyucienue: Yued. nans By3oB / Ilog pea. B.C.3apyOumna,
A.IL Kpumenko. — M.: M3g-Bo MI'TY um. H.O. Baymana, 2002. — 228 c.

2. Jauko ILE., IlomoB A.I'., KoxeBuumkoBa T.SI. Bricmasgs wmaremaTuka B
ylnpaxxHeHusAX U 3agadax. B 2-x u. Y. 2: Yyeb. nocobue mist BTy30B. — M.: Boicmi.
k., 2000. — 416 c.

3. Jly6osuk B.II., FOpuk I.I. Buma marematuka: Hapu. mocionmk. — K.: A.C.K.,
2006. — 648 c.

4. KpacnoB M.JIL., KuceneB A.U., Makapenko ['.U. OnepauinuoHHOE HCUUCIICHUE.
Teopust ycroitunBocTH: 3amauyd ¥ OPUMEPHl C MOAPOOHBIMU peuIeHUsIMU: YueO.
nocobue. — M.: Enuropuan YPCC, 2003. — 176 c.

5. OumnnukoB ILIL, Apemuyk ®.I1., Muxaiinenko B.M. Buma wmaremaTuka:
[Minpyuynuk. V 2-x u. Y.2.: IudepenmianbHi piBHsHHSA. Onepaniiine yucieHHs. Paau

Ta ix 3actocyBanHs. — K.: Texnika, 2000. — 792c.



6. ITucemennsbii JI.T. KoHCHIEKT JeKUMA MO BBICHIEH MaTeMaTUKE: MOJHBIA KypC. —
M.: Aiipuc-tipecc, 2009. — 608 c.

7. PemieOnuk. Briciias maremaruka. Crneunuanbhbie pasgenst / B.M. AdanacweB u
np.; nox pea. A.M. Kupunnosa. — M.: DUSMATIINUT, 2003. — 400 c.

8. Tesames A.[l., JlutBun O.I'., KpuBomeeBa I''M. Ta iH. Buma maremaruka y
npukiaaax ta 3agavyax. U.3. Audepenuiansbai piBHIHHS. Panu. OyHKIIT KOMIIEKCHOT
3MmiHHOi. Onepaniiine yncienss. — Xapkis: XHYPE, 2002. — 596c¢.

9. lllumaues B.C. Briciias maremaruka: ¥Y4ueOHUK 11t By30B. — M.: FOpaiit, Bricuiee
obpazoBanue, 2009. — 480 c.

10. Diinepman B.SI. OcHoBbl Teopun (GyHKUMNA KOMIUIEKCHOTO MNEPEMEHHOTO U
onepaoHHoro ucuucienusa. — M.: ®UIMATIINUT, 2002. — 256 c.

35IPHUKU 3AIAY

11. Buma matematuka: 30ipHuk 3ana4: Hasu. mocionuk / B.I1. [ly6oBuk, [.I. FOpuxk,
I.I1.BoBkoaas Ta iH.; 3a pexa. B.I1.Jy6osuka, [.I.FOpuxka. — K.: A.C.K., 2004. — 480 c.
12. Coopuuk 3amau no Beicuie matemaruke. 2 kype / K.H. Jlynry u ap.; moxa pen.
C.H. ®enuna. — M.: Aiipuc-nipecc, 2007. — 592 c.

13. COopHuk 3ama4 mo MaremaTuke sl BTy30B. B 4 ywactax. Y. 2: Yueb. nocobue
mis Bry3oB / Ilog o6m. pen. A.B. EdumoBa u A.C. TlocmenoBa. — M.:
OU3MATIINT, 2001. — 432 c.

14. CoopHuk 3aia4 o MaremaTuke s BTy30B. B 4 yactax. Y. 3: Yueb. nocobue
mis Bry3oB / Ilog o6m. pen. A.B. EdumoBa u A.C. TlocmenoBa. — M.:
OU3SMATIJIAUT, 2002. — 576 c.

KOHTPOJIBHA POBOTA Ne 2

BukoHaHHsSI KOHTPOJIBHOI poOOTH Tpebda MOYMHATH 3 BUBYCHHS TEOPETHUHHX
MOJIOKEHb 32 HABEACHUMHU IMOCUJIAHHSIMU, MPUYOMY 1€ HEOOXITHO TMOETHYBATH 3
CaMOCTIMHHMM PO3B’s3aHHAM PEKOMEHJ0BaHMX 3a7ad. J0 BUKOHAHHS KOHTPOJBHHUX
3aBJaHb JOIUIBHO MPUCTYNATH TUIBKW TICIs BUPOOJICHHS JOCTAaTHIX MPAKTUYHUX

HaBUYOK. THITOBI IMpUKiIagn HaBCI[eHi 3 MCTOIO JOIIOMOI'THU B IbLOMY.



METOANYHI BKA3IBKHU 10 BUKOHAHHA

PexomeHyeThCst (CKOPUCTABIIMCH OJHUM a00 JBOMA 3 HABEJECHUX HUXKYE JIPKEepen)

— BUBYUTH TEOPETUYHI MosioxkeHHs 3a [3], . 8, §§1.1-1.5, 2, 3, 4.1, 4.2, 6, ri. 10,
§§ 1, 3.1-3.8; [6], r1. X, §§ 47, 48.1 - 48.4, 49, 50, 51.1-51.4, 52, rn. XI, § 53,
. XII, §§ 55, 56; [8], rn.1,§§ 1,2, rn.2 §§1-3; [9], r. 13, §§ 1-7, rn. 15, §§ 1.1-
1.6,2-4;[3], tm. 9, §§ 1.1-1.5, 2.1-2.6, 3.1-3.5; [6], ro. XIII, XIV, XV, §§ 66.1
- 67.4; 9], . 14, §§ 1-5, 7;[6], rin. XVIII; [8], ra. 4, §§1,2; [10], rin. VIII; [1],
ri. 6; [12], . 1-2.

— posibpartu po3B’sizanus 3ana4 y [3], ron. I, §§ 1-6, ro. 11, §§ 1-3, ri. 1V; [2], . 111,
§§ 1, 3-6, 8; [2], rn. VIII, §§ 1-4; [4], rm. 2; [7], ro. IX, § 33, NeNe 33.36-33.41;
[8], rn. 4§81, np. 1-6, §2, np. 1-3; [10], r1. 1, § 1, op. 1-24, § 2, ip. 1-3, § 4;

— caMocTiiiHO po3B’sa3atu 3agadi: [2], NeNe 10-12, 17, 19, 22, 23, 31, 34, 41, 42, 186,
188, 191, 197, 214, 217, 222, 515, 516, 523, 550, 551, 554, 568, 570, 603, 605,
611, 645, 647, 651, 652, 659, 660, 685, 686, 696, 697, 698, 703, 704, 721, 723,
725, 743, 744, 764, 766, 778, 779, 781, 797; 5], NeNe 188, 202, 216, 218, 219;
[11], rm. 8, NeNe 2, 4, 43, 44, 48, 61, 66, 84, 86, 103, 105, 115, 121, 124, 133, 140,
206, 213, 214, 215, 217, 221, 227, 246-a, 246-6, 270 — 273, 291, 308 — 310, 315,
322, 339, 345, 350, 373, 376, 378, 395, 396, 405, 406, r1. 10, NeNe 1, 3,7, 9, 18,
24, 46, 48, 50, 51, 69, 71, 74, 76, 111, 116, 124, 130, 406 — 414, 429, 471 — 473,
477, 478, 491, 492, 537, 539; [12], NeNe 2.1.2 (a, 0), 16, 19, 23, 25, 40, 64, 2.2.2,
4,10, 27,2.3.2,3,5,12,23,2.6.2,4,7,9, 12, 13, 17, 24, 27, 28, 30, 2.7.4, 6, 19,
26, 34, 38 — 40, 44, 45, 49, 58, 61, 78, 79, 81, 86, 87, 2.8.4,5,7, 8, 3.1.9, 10, 11,
16, 17, 21, 24, 27 - 29, 64, 3.2.8, 9, 13, 3.3.4, 5, 4.1.6, 9, 14, 25, 34, 4.2.3, 7, 16,
17,42; [13],9.2,9.3,9.4,9.7,9.10, 9.11, 9.18, 9.19, 9.20, 9.24, 9.26, 9.28, 9.31,
9.41, 9.43, 9.45, 9.49, 9.59, 10.22-10.25, 10.36, 10.46, 10.47, 10.50, 10.51, 10.67,
10.68, 10.69, 10.71, 10.86, 10.89, 10.211, 10.212, 10.215-10.217, 10.219, 10.321,
10.322, 10.323, 10.342, 10.343, 10.354, 10.357, 10.362, 10.370, 10.431, 10.432,
10.441, 10.442; [14], 11.48,11.49, 11.51, 11.79, 11.82. [2], NeNe 301, 302, 304,
305, 307, 308, 310, 311, 314, 368, 374, 377, 391, 392, 394, 416, 419, 423, 435,
489, 492, 497, 500; [11], rn. 9, NeNe 2, 4, 41, 43, 50, 52, 54, 56, 59, 64, 66, 68,
71, 75, 77, 80, 131, 136, 140, 143, 154, 211, 214, 216, 229, 233, 250, 293, 294,
302, 303, 307, 314, 316, 332, 338, 343, 348, 351, 353, 357, 359, 382, 384, 391,
403; [12], NeNe 1.1.12, 13, 20, 21, 24, 25, 29, 30, 37, 39, 40, 42, 44, 46-49, 51,
53, 1.2.7, 8, 12, 14, 16, 18, 1.3.7, 8, 10, 20, 34, 35, 1.4.10, 12, 18, 21-6, 23-06, 25,

9



29; [14], 12.21, 12.22, 12.24, 12.29, 12.31, 12.35, 12.43, 12.45, 1.52, 12.91,
12.93, 12.95, 12.96, 12.165-12.167, 12.215, 12.218, 12.236, 12.265, 12.274,
12.289, 12.292, 12.327, 12.328, 12.488, 12.498; [2], 1112, 1118, 1125, 1126,
1143, 1146, 1148, 1149; [8], NeNe 4.3-4.5. 4.12-4.14. 4.16, 4.19, 4.32, 4.33, 4.51,
4.53; [12], 8.1.2, 3, 6, 8, 10, 13, 23-31, 43, 54, 61, 62, 64, 67, 8.2.2-7, 10, 12-a,0,
13, 14,8.3.4,5,9, 17, 38, 48, 49; [14], rin. 14, NeNe 1-9, 17, 18, 19, 25, 32, 34, 40,
44, 45,47, 48, 74 -76, 79, 86,87, 93,94, 111, 113, 114, 131.

Hpukaag 1. OOYKCANTH TOBTOPHUI 1HTETrpal.

3 5
Y Fere N [ e

Po3e ’sz3anns.

2 xv3 J 2 1
a) Idxj nyz =J‘[x-—arctg1
0 X Xty 0 X X

now 2 n o0
T T x=F2="
(3 4) ‘0 127 6

5 ( / x+2y 4 5+2y 242y

1 1 1 1,44 1 14
—(Eln‘5+2y‘—zln‘2+2y0‘l=—E(lnll—ln8—1n7+ln4)——Eln— ~In

56 2 11

2
x\/E] dx = J‘(arctg\/g —arctgl) dx =
0

X

Hpukaag 2. 3MIHUTY NOPSAOK IHTETPYBaHHS y MOBTOPHOMY IHTEIpall.

m V2 V2
) jdx [fepar: © jdyjf(x,y)dx
4x—x* 2y

Po3é’azanns.
a) Cynsauu 3 3aJJaHOTO MOBTOPHOTO 1HTErpania, 00JIacTh IHTEPYBaHHS CIIPOEKTOBaHA
. .. . .. )
Ha Bicb Ox y Binpi3ok [1,4] 1 oOMexxeHa 3HU3Y JiHIEIO y=+4X—Xx", a 3BepXy —
miHiel0 y=+16—x" (oOuuBi 11 JiHII € YacTUHAMU BIAMOBIAHUX KuT). OO6nacTh
MoKa3zaHa Ha puc. 1.
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Fovmceao, ’

(]
!< |<

<~

X i), fly),y

Puc. 1 Puc. 2

[lepenpoekryemo o6nactb Ha Bick Oy. g 1bOro po3B’ SHKEMO PIBHSHHSA

O0OMEXYIOUYMX JIIHINA BIIHOCHO X, BPaXOBYIOUH, 10 X = 0:

y2 =4x—x2:>x=2i\/4—y2, y2 =16 - x* :>x=w/16—y2.

OO6nactp iHTErpyBaHHsI poO310°€ThbCsi HA TpU npocTux obdnacti. Ilepma 3 HUX

NpoeKTyeTbea y Biapizok [0, 2] oci Oy 1 oOmexxeHa 3miBa Bicco Oy, a crpaBa —
nmiHieto x =2—+/4—y* . Jlpyra oGnacTh mpoeKTYeThCs TaKoX y Bigpisok [0, 2] oci

Oy 1 oOMexeHa 3j1Ba JIHIEID X = 2+w/4—y2 , a CIpaBa — JIHIEID X = w/16—y2 :

Tpets o0nacTh MPOEKTYeThCS y BIIPI30OK [2,4] oci Oy 1 odmexeHa 31iBa Biccio Oy,

a cripaBa — JIiHIE X =+/16 — y2 . OTxe,

4 162’ 2 2-4-y? 2 16-y? 4 16-y?
[ax [repar=[ay [reemax+[ay [fepac+[ay [ fexpax.
0 0 0 2 0

4x-x* 0 2+/4-)°

0) Cyasuu 3 3a7JaHOTO TOBTOPHOTO IHTErpalia, 00JIacTh IHTETpyBaHHS CIIPOEKTOBaHA
Ha Bick Oy y BIIpi30oK [—+/2,+V2] 1 oOMexeHa 37iBa JdiHiel0 x = y“ —1, a cnpaBa —

miHier0 x =y~ /2 (obuasi 111 diHIT € mapabosamu). O6acTh MoKazaHa Ha pucC. 2.
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[lepenmpoektyeMo o6sacth Ha Bich Ox. [l 1bOro po3B’siKEMO PIBHSAHHS

OOMEXKYIOUYHX JIIHINA BITHOCHO  :

X = y -1=>y= +Vx?+1, x = y2/2:>y +2x .
ObnacTe iHTErpyBaHHsA po3i0’€Thcs HA TpH MNpocTux obmacti. [lepma 3 HEX
MPOEKTYyeThe Y Bipizok [—1,0] oci Ox 1 oOMexeHa 3HU3Y TUIKOK y=—+/X+1
napaGomu x = y* —1, a 3Bepxy — TUIKOKO y = Jx +1 rief x camoi napabonu. pyra
obnacTh MpoeKkTyeThcss y BiaApizok [0,1] oci Ox 1 oOMexeHa 3HU3Y TLIKOIO
y=—\/m napaboiu Xx = yz—l, a 3BEpXy — TUIKOIO y=—\/§ napaboJiu
X = y2/2. Tpetst o6nacTh MpoeKTyeTbess y ToW camuii Bimpizok [0,1] oci Ox 1
oOMeXeHa 3HHU3Y TUIKOIO y=\/§ napabonu x = y2/2, a 3BepXy — TUIKOIO

y=+/x+1 napabonu x=y2 —1. Orxe,

V2 Y2

jdy RS jdx jf(x,y)dy+jdx jf(x,y)dy+jdx jf(x,y)dy
2y -1 —Jx+ —Vx+1 V2x

Hpukaan 3. O6uncIuTH NOABIMHUN 1HTETpa J] (3x2 —2xy+ y)dxdy, ne

.. 2
obnacte D oOMmexeHa miHisiMU X =0, x=y", y=2.
Po3zé’azannsa. O6nacte D 300paxeHa Ha puc. 3 (oOMexeHa TiIKkow mapaboiu

x = y”, Biccro Oy Ta mpsimoro y = 2). CripoexTyeMo ii Ha Bick Oy .

LIS B
)

\ | | |
-r

(y). fl(y),y

Puc. 3
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2

2y 2
Toni ”-(3x2—2xy+y)dxdy=jdyj(3x2—2xy+y)dx=j(x3—x2y+xy)y dy =
0
D 0 0 0

y 2 244
7 6 4

( 6_ 5, 3 oy
=0 -y +y)dy=|—-—+ “—=11.62.
J;(y y oty )dy [ ]0 1

3aysaoicenns. Ilpu npoekTyBaHH1 0071acTi Ha BiCh OXx 00MpaEMO J0JIaTHY BITKY

y= Jx napaboJii, 001acTh MPOCKTYEThCS y Binpizok [0, 4], oTxe,

4 2 4 5
2
J](3x2 -2xy+y) dxdy=jdxj(3x2 -2xy+y) dy=j 3x2y—xy2+ 4 dx =
D 0 x 0 \/;

Jx
4

3 2 3 4
=I(6x2—4x+2—3x2\/;+x2—%)dx—[%—%+2x—6x \/;] _ 24
0

0 21

7

Hpukaanx 4.

O6uucnuty 1oy ¢irypu, oOMexeHOol JIHISIMU y2 =x+1,
x=y2—y3, y=-—1.

Po3zé’azannsn. dirypa 300paxkeHa Ha puc. 4 (oOMexeHa mapabosioro y2 =x+1,

JIHICIO X = y2 - y3 Ta npsimoro y = — 1). Crpoekryemo ii Ha Bick Oy .
1 y-y 1 4\ 1
Tomi S=dexdy= jdy jdx= J-(yz—y3—y2+1)dy=[y—y7] =2 (00%).
D 1y - B

b

|'~< |'~<

y), fiy),y

Puc. 4
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Hpukaag 5. OOUKCIUTH KPUBOJIIHINHI IHTETpaIH.

. . 4 :
a) I yT‘il, ko L — gyra miBkyO14HOT mapaboiu y2 = §x3 MDK TOYKaMH A(3; 2\/5)
L

J‘w/x2+y2dl, ne L — nyra kpuBoi X =cost+tsinf, y=sintz—tcost

(0<t<2n);

B) I(x + y)dl, ne L — mpaBa meaoCcTKa JEMHICKATH p2 =4cos29;
L

r) Inydx—xzdy, ne OA — nyra mapabonu x =2 y2 Bix Touku O(0; 0) 10 TOUKH
04

A(2;1);
1) I(6 —y)dx+xdy, ne L —  nepma apka mukioinn x =3(f-—sint),
L

y=3(1-cost) (0<¢<2m).
Poss’si3annus.
a) MaeMo KpHUBOJIHIHHUNA 1HTETpan MepHioro poay (Mo MOBXKUHI 1yru). bynemo

BBAXKAaTHU, 1[0 KpuBa L 3ajaHa pIBHSAHHAM BUIISAAY Y= p(X) y JAEKapTOBHUX

. 2 . .
KoopauHatax. Toni y=§ x> (obupaemMo 3HAaK «+», OCKUIbKH Touku A i B

HaJIeXaTh Mepiii uBepti), y' = Jx , oTke, dl =1+ y'zdx =+1+xdx.

Hepexon;{qn 710 3BUYalHOrO 1HTEerpaia, OyaemMo MaTu

u b 3 )8 1+x=1¢2, dx=2udt,
J'.V J‘3 1+xdx=—jx 1+xdx= 5 x 3 8|=
33 x=t"-1,

¢ 23
5
—I(t a0
315 3

06) Maemo KpuBOJIIHIHHMM 1HTETpas nepiioro poxay. Ilepi 3a Bce o6uncinMo

3
4(243 32 sjz 2152 4782

—_ J— ___l__
2 35S 5 3 45

\/x2 +yt = \/c0s2t+2tcostsint+t2 sin? ¢ +sin® £ — 2¢cos tsinz + ¢ cos’ t = \/1+t2 .

14



Ockinbku KpHBa L 3ajaHa napaMeTpUYHUMH PIBHSAHHSIMU, TO

X(t) =—sint+sint+1cost =tcost, y(t) =cost—cost+tsint =tsint,

= x+ jzzdt = \/t2 cos? t+¢*sin’t = ‘t‘ =t (t20). Ilepeiinemo 10 3BUYAWHOTO

IHTEerpania: J‘\/x +y dl—jt 1+¢ dt—%(1+t )3/2 0 1[(1+4Tt )3/2 1].

B) Maemo KpUBONIHIMHUN THTETpajl Nepuioro poay. Y 3BUYANHIN MONSPHIN cucTeMi

KOOpAMHAT P = 2,/c082¢ , oTke, c0s2¢ =0, —£+an(pS£+kn (ke Z). IlpaBa
p p 4 4

. A n
MEJIFOCTKA JIEMHICKATH PO3TAIIOBaHA B CEKTOP1 — 1 << 1 (k=0) (puc. 5).

Puc. 5

KpuBa L 3amaHa piBHSHHSIM Yy TMOJSIPHUX KOOPJAMHATAaX, OTXKE, X =pPCOSQ,

: 2sin2 :
y=psin@, 1e p=2,/cos2¢ . Ockinpku p' = —% , To nudepeHiiian JOBXKUHU
cos 2¢

22 2
ayru  dl = '\/pz +p'2d(|) = \/4c0s 20+4—— sin” 2¢ do = ﬁ do. llepelinemo 10
cos 2¢

cos2¢

3BUYAMHOIO IHTETpaja:

15



njf‘ /4 _

2
x+yp)dl = 2./¢c0820 - (cos @ +Sin @) - ——— do = 4(sin @ — cos =
!( ¥) \/€0820 - (cos ¢ ¢)m ¢=4Gsing—cosq)|

=442

r) MaeMo KpHUBOJIHIHHUM 1HTErpajn Apyroro poay (mo koopauHarax). Kpusa L

—-r/4

3aj1aHa PIBHSAHHAM Y IEKapTOBUX KOOPAMHATAX, 0TKe, dx = x'dy = 4 ydy . Tlepeiinemo

710 3BUYAHOIO 1HTErpasa:

1
ijydx—xzdy=I(2-2y2y-4y—4y4)dy= SN2
04 0 > [0
1) Maemo KpuBONIHIMHUK 1HTerpan aApyroro poay. KpuBa L 3amana
MapamMeTpUuYHUMU PIBHSIHHSMH, OTXKeE, dx = x(t)dt =3(1 — cost)dt,

dy = y(t)dt = 3sintdt . [lepeiinemo 10 3BUYATHOTO IHTErpasa:
2n
j(6—y) dx + xdy = j{[6—3(1—cost)]-3(1—cost)+3(t—sint)-3sint Yt =
L 0
2n 2n

= 9j(1—c0s2t+tsint—sin2 t)dt = 9Itsintdt =
0 0

u=t, dv=sinudt,

du=dt, v=-cost

. 27
=9 (—tcost +sint) 0 =-18x.

Ipukaan 6. 3’scyBaru, un Oyne QyHKIiS y = xarcsinx po3B’s3KOM PIBHSHHS

y

xy' —y=xtg=—.
x

Posé’siz3anna. SIxmo QyHKIIA € po3B’A3KOM pIBHSHHA, TO ii MIJCTAHOBKA 10

[bOT'O PIBHSAHHS MOBUHHA MEPETBOPUTH MOT0 HA BIpHY TOTOXHICTb. [lepeBipumo 11e.

. ’ . X
[linctaBumo y = arcsinx + ﬁ
1-x

2

pazoM 13 y = xarcsinx 70 pIBHSIHHS:

. X . xarcsinx
xaresin x + ————xarcesinx = xtg ———.
V1 -x?2 X

sin x

3 ypaxyBaHHSAM TOTO, IO #gX = ———
V1-sin’ x
2

X

i sin(arcsin x) = x, OTpUMyeMO BIpHY

X

TOTOXHICTh =X-
/ 2 / 2
1-x 1-x

PIBHSIHHIO, TOOTO € HOT0 pPO3B’SI3KOM.

. Omxe, 3amana (QyHKIS COpaBal 3aJI0BOJIBHSE




Ipukaag 7. CknacTu piBHSAHHS KPUBOI, SIKIIO BIOMO, IO BOHA MPOXOJHUTH

gyepe3 Touky M(0,1), a KyToBuil KOe(iLIEHT AOTUYHOI A0 Li€i KPUBOI B KOXKHIN
TouIi KopiBHIOE k(x,p)=x3y.
Posé’s3anna. SIk Bi1OMO, KyTOBHM KOe(IIIEHT JOTHYHOI 110 KpUBOi y = y(X) B

noBuTeHIN TOulli M(x,y) € k(x,y)=)". OmKe, MaeMO piBHSHHS y'=x§/;.

2
[ToginumMo 3MiHHI 1 OTPUMAEMO ﬂ = xdx, 3BIJIKH g 3 y2 = x—+£ abo
3y 2 2 2
9 x2 +C

y“=|———| . OrpuMaHuii 3aragbHUN PO3B’SA30K € pPIBHAHHIM CIM’i KpHUBHX.

3

3

[IlykaHa kpuBa NPOXOAUTH uYepe3 Touky M, oTke, ii pIBHAHHSA BHM3HAYAETHCS

* ~
3HayeHHAM C = C , 3HailneHuM 3 yMOBU y(X,) = y,, TOOTO, B 1aHOMY BUIAJKY, 3

\3
0+C

ymoBu y(0)=1. Otxe, 1% = , 3Binkn € =3. Takum 4HHOM, PIBHSHHS

2 3

. . 2 X . - . o
IIYKaHOl KpHUBOl€ Yy~ = ?+1 . Fpa(i)lK JOJAaTHOl TUIKM KpPHBOl HaBCACHHUU Ha

puc. 6.

0.5

Puc. 6
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Ipuxkaan 8. Po3p’si3aTu piBHIHHS

a) 2xy2dx —ydy = yxzdy —6xdx; 0) (x - ycosljdx + xcosldy =0;
X X
, 2x+ i 4 , —sinx .
B) y = —1; r) y+ycosx=e (3actocyBatu Metoj bepryiii).
xX—y+

Po3zé¢’azanus.
a) IlepeTBoprMO PIBHAHHS 10 BUTIALY 2X( y2 +3)dx = y(x2 +1)dy. Orxe, maeMo

pisuanna 3 giookpemmoganumu  3minnumu  X;(x)¥;(p)dx+ X, (x)Y,(y)dy =0.

[Toginumo 00MABI YAaCTUHHM PIBHSHHS Ha J0OYTOK (y2+3)(x2+1). OckibKu

o0u/IBa MHOXXHUKH HE JIOPIBHIOIOTH HYJIIO (a caMme, 10JIaTHI), TO TP I[bOMY YaCTHHH1
(a060 0co0sIMB1) PO3B’SI3KU PIBHSHHA HE 3aryOiiol0ThCcs. TakuMm YMHOM, JICTAEMO

: . . 2x y
PIBHSIHHS 3 BIZOKPEMICHUMH 3MIHHUMH ———dXx = —
x“+1 y +3

dy. Ilicns iHTErpyBaHHS

b

. : 1
OTPUMYEMO 3arajbHHUU IHTETPAJl 3aJaHOT0 PIBHAHHS ln(x2 +1) = Eln( y2 +3)+ ln‘C

C#0, axuil micisg NOTEHLIIOBAaHHS 1 BUKOPUCTAHHSA BIACTUBOCTEH Jorapugmis

Ha0yBa€e BUTJTISITY ﬁ =C
Vi +3
0) Maemo  oonopione nudepeHLiabHE  PIBHSHHS  MNEPIIOrO  MOPSAKY
P(x,y)dx+Q(x,y)dy=0, tomy mo ¢yukmi P(x,y)=x-— ycosZ 71
x

O(x, y)=xcosldy € OJHOPITHUMHM OJHOro ¥ TOro camoro Bumipy. Chpasni,
X

A A
P(ixhy) == hyeos > =h-P(x, ). Q(x,1y) = hxeos =0 0(x, ).
Ockinbku x # 0, TO pIBHAHHS NPUBOJUTHCA 10 BUTIISALY
d 1-2cos?
“y _ X X . _ . "0 .
=— —=——=_3acTOCyeMO MIACTaHOBKY y=ux.Tom y' =u'x+u i
dx y
cos —
X
, ucosu—1 , ucosu—1 , 1 du 1
ux+u=————; Ux=————-u; ux=- ; —Xx=- ;
cosu cosu cosu dx cosu

dx . .
cosudu+—=0. IHTErpyBaHHS OTPUMAHOIO PIBHSIHHA 3 BIIOKPEMJIEHUMHU
X

18



3MIHHUMH J1a€ 3arajibHUW IHTErpal sinu+ln‘x‘=C , SIKUM MICJIsI TIOBEPHEHHS 10

BUXIJTHOT 3MIHHOI y HaOyBa€ OCTATOYHOT'O BUTJISIAY sinZ + ln‘x‘ =
) ) ax+by+c ..
B) JlaHe piBHAHHSA BiIHOCHTBCS 10 THIY ) = f 1 LV T 6 . Taki piBHSHHA Yy
a,x+b,y+c,
a by . )
BUITAJIKY # (0 3BOJATBCS 70 OJHOPIAHUX 3a JOMOMOIOK) ITiICTAHOBKH
a, 0,

x=xy+u, y=y,+v, IO X, ¥y € PO3B’SI3KOM CUCTEMU pIBHSIHb

ayx+by+c =0, , 2x+y—-4=0,
. Po3B’s13k0M cucTtemMu € Xxp=1, y,=2.
a,x+b,y+c, =0 x—-y+1=0
: ) , dv
3pobumo miacraHoBky x=1+u, y=2+v. Tomi dx=du, dy=dv, y =d—.
u
: . dv 2u+v , .
OTpuMyeMO OJHOPITHE pPIBHIHHS I = . Po3B’sokemMO 1€ pIBHSHHS 3a
u u-v
) dv Z
JIOITOMOTOXO IMiJACTAHOBKU v =Zu, —=u—+7. Maemo
du du
dz 2+7 dz 2+70 1-g du
U—-+z=—, uUu—-= ; 2dz=—.
du 1-z2 du 1-z 2+7 u

[Ticns iHTErpyBaHHS JICTAEMO 3araJibHUM 1HTETpal
1 V4 1 2
—arctg——-——In(2+z")=Inju/+ C.
RACN T 4

[ToBepTarounch A0 BUXITHUX 3MIHHUX 32 popmynaMu z = =y-2, u=x-1,

=|<

2
1 y=-2) 1 y—2
OCTaTO4YHO OTPUMYEMO —= arct, ——In{2+|——| |=Inx-1+C.
IPIRYENS R g[fx 1) 2 (x—l) =1
r) Maemo zinitine nudepeHiiagpie piBHIHHS epioro mopsaky y' + p(x)y = q(x).
Po3B’s130K piBHAHHS OyJeMO IIYKaTH y BUIJISLAL TOOYTKY IBOX HEBIIOMHUX (PYHKIIN
y=uv,orke, Y =u'v+uv'. TlincraBumo y Ta y' y pIBHIHHSI 1 OTPUMAEMO

sinx —sinx

u'v+uw'+uvcosx=e" abo u'v+u('+vcosx)=e (*). Hesigomy
byukmito v=v(x) Oymemo 1mykath 3 ymoBH Vv +vecosx=0 (**), omxe,

dv v .
o =—vcosx abo —=-cosxdx. IuTerpyrwoum, 3HAXOJAUMO lnM =—sinx,

v
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—sinx

3BIIKU Vv =e (nmst 3pydHOCTI OepeMO YaCTUHHHUH PO3B’SI30K, SIKOMY BIAMOBITAE

HyJIbOBE 3HAYEHHS JIOBLIBHOI cTanoi). [linctaBumo 3HalieHy QyHKIiO v B PiBHAHHS
(*) i 3 ypaxyBauuam (**) orpumaemo u'e”*"* = *"* . Ockimbku e ™" #0 Vx,

o w'=1 abo u=x+C. TakuM YHHOM, 3arajbHU PO3B’SI30K MAE BHIJIS

y=(x+C)e Sn¥,
: 1
IMpuxaan 9. Poss’s3atu 3agauy Komi xpy'+ y = y2 Inx, y(1)=- 3

Posé’si3anna. Ockinbku x >0, To 6€3 BTpaTH po3B’ 3Ky NEPETBOPUMO PIBHSIHHS

1 : .
no Burasay ) + 2= y2 nx Orpumanu piBusHHA Bepuynni y' + p(x)y =y q(x),
X X

ne r#0, r#1. Po3s’spKkeMo HOro oqHOMMEHHUM MeTofoM: y=uv, y =u'v+uy',

uy 2 2Inx
v

14 Inx v
Wytw'+—=u'v? == Wy+u|v+=|=uV == (%); V+—=0 (¥);
X X X X X
dv dx 1 1 1 Inx du Inx
Do mp=om; v=h w=a LR AR
4 X X X x° x u X
1 Inx+1 X . ,
——=———-C; u=————. 3aragpbHuil PpPO3B’A30K Y =uy, TAKUM
u x Inx+1+Cx
1 b . . . ~
YMHOM, Ma€ BUIIAA y=-————. P0O3B’430Kk mocraBiueHoi 3amadl Komi y
Inx+1+Cx

. 3 3 * w 3
BHU3HAYA€THCA 3HAUYCHHSIM AOBUIBHO1 CTaJIO1 C , SBHAUJACHUM 3 IIOYAaTKOBO1 YMOBH:

1 1 . . ,
C =-3. OTxe, IIyKaHW PO3B’SI30K Ma€  BUIIIAI

2 1+C"’
o
Inx+1-3x

y=

Hpuxaan 10. Po3p’s3atu 3anauy Komri

n 1 ’ n ’ 1 ’
a) y =1+—2,y(0)=—3,y(0)=2; 6) x()"+1)+y =0’y(l)=1’ y=0;
X

n ’ n ’ 1 n ! ’
B) ytgy=2y2,y(1)=z, yh==-25 1)y =J1-y%, p(0)=2, y'(0)=1;

n ’ ’ n r r..mn ’
m 2y =y+y3,y(0)=5,y(0)=1; e) 3yy'=e’, y(-5)=0, y'(-5)=1.

Po3e ’sa3anns.

20



a) PiBHsuHs Mae Buriasig " = f(x), TOOTO MICTHTh TUIBKM CTapIiny TMOXiTHY i
HEe3aJIeKHY 3MIHHY. 3HailieMo Horo 3arajgbHuUM pO3B’SI30K IUISIXOM IOCHIIOBHOTO

JBOKPATHOTO 1HTETPYBaHHS:

dgyh) _ 1 N dx , dx
- = d()y)= = [ao)=| QG >
dc  1+x? 1+ x? d 1+x2

= y=arctgx+C; = %=arctgx+C1 = dy=(arctgx+C1)dx =

1
= y=I(arctgx+C1)dx+C2 = y=xarctgx—zln(1+x2)+C1x+C2.

(V) ~ * * o
YactuHHUN po3B’s30k Yy = y(x, Cy, C,) 3HAIIEMO, BU3HAYMBIIM 3 IOYAaTKOBUX
s+l %2 s
% %« . %
yMmoB 3HaueHHsa C; =C; 1a C, =C, noBuibHuX ctamux: y(0)=-3 = -3=0C,,

y'(0)=2 = 2= Cl* . Orxe, po3B’s30Kk mocrtabieHoi 3amaul Komri mMae BUTIIS
~ 1 2
y= xarctgx—zln(1+x )+2x-3.

0) PiBusuus mae Burisg F(x,)',»")=0, T06TO MICTUTH B SBHOMY BHIJISII
HE3aJIeKHY 3MIHHY, ajle He MICTUTh HeBiAoMy (yHKIit0. [lopsiiok Takoro piBHSHHSA
3HIKYETHCS HA OJMHHUIIIO 3a JOMOMOTror mifacrtaHoBku ) = p(x). Tomi y"=p' i
piBHsHHS HaOyBae Burasimy x(p'+1)+ p=0. OTpumanu piBHSHHS MEPIIOTO

MOPANIKY, SIKE MOXe OyTH BIIHECEHO SK 10 OJHOPIAHOro, Tak 1 JO JIHIMHOTO.

Beaxkarouu #oro ogHopigaum, tobTo, p'+1=-— P 3pO0OMMO MIJACTAaHOBKY p = UX .
x
: du dx
Toni p'=u'x+u = u'x+u=-1-u = u'x=-1+2u) = =— =
1+4+2u X

= %ln‘l+2u‘=—ln‘x‘+%ln‘q‘ = \/1+2u=£ = 1+2u=% =
X X

= p=——-— => Yy =—-——. Ilicna BiIOKpEeMIICHHS

2
) .. . C X
3MIHHUX 1 IHTETpYBaHHS OTPHUMYEMO 3arajibHHA PO3B’ 30K y=711n‘x‘—T+C2.

BanOBYIOLII/I, 10 JOBUIBHI1 CTAJI1 HE3AJICKH1 OJIHA B1J] OJHO1 1 ICPCIIO3HAYN BINU 71
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2
Ha C;, ocratouyHo Oymemo Matu y=C; ln‘x‘—xT+C2. 3naueHHsa C, =C1* Ta
C, = C, JIOBiTBHEX CTAlNX 3HAHIEMO 3 I0YATKOBHX YMOB:
1 1 1 - « 1 | B
HD=- = —-=-——4+C, = C==,y)=0 => 0=——+C, =
y(@) 4 4 4 2 275 y @ 5 1

« 1 N ~ 1 xr 1
= (= 3 OTtxe, po3B’sa30k 3anaul Koun mae Burnsig  y = Eln‘x‘ vy + 3

B) PiBusius mae Burisin F(p, ), y") =0, T0OTO MICTUTH B IBHOMY BHUIJIS/II HEBIZIOMY

GyHKLII0, ane He MICTUTh He3alexHy 3MiHHY. [lopsiok Takoro piBHSHHS

. . dq .
3HUKYETBCS Ha OJMHMIIIO 33 OMOMOTroo miacranoBku y' =¢q(y). Tomi y" = qd—q 1

. dg,. | > ~
piBHSHHS HaOyBa€ BHUIIIALY qd—tgy =2q~. OTpuMau PiBHIHHS MEPIIOTO MOPSAKY

3 BIIOKPEMJIIOBAaHUMHU 3MIHHUMHU. 3alUIIEeMO HOro y BHTJISIL q[%tgy—Zq) =0.
y

[pupiBHIOOYH 10 HYJIS KOXKCH 3 MHOKHHUKIB, Oymemo matn ¢ =0 = ' =0 =

= y=C; %tgy—2q=0 = ﬂ=20tgydy = ln‘q‘=21n‘siny‘+ln‘C1‘ =
y q

d
= ¢=C;siny = )y =Csin’y = s‘n{ =Cidx. Omxke, 3arajbHui
m-y

IHTerpan piBHsAHHA Mae BUIILIA cfgy = C;x+ C, (3HaK « - » BpaxoBaHuil). bauumo,

mo po3B’s130Kk y=C He € 0cOOJIMBUM, OCKUIBKH YTBOPIOETBHCS 3 3arajlbHOro IpHU

% * . (V)
C,; =0. 3nauenna C; =C; ta C, = C, NOBUIBHUX CTAIUX 3HANHIEMO 3 IOYATKOBUX

YMOB:

T T * * 1 1 1 % *
D=— = ctg—=C; +C,, 'DH=-—- = - -—|=C; => (=1,
y(1) 4 g4 1 2 y1) ) . 275( 2) 1 1
sin” —
C ; =0. Omxe, po3B’s30k 3ana4i Ko mae BUrisig ctgy = x.

r) PiBustaus mae urisg F()',y") =0, T00TO He MICTUTH B SIBHOMY BHUIJISLII aHi

HEeB1IOMY (QYHKIIIO, aH1 He3aJexkHy 3MIHHY. [lopsA/loKk Takoro piBHSHHSA MOXe OyTH

3HIPKEHUH Ha OJMHHUINO 3a JOIMOMOIOK Oyab-saKoi 3 migctaHOBOK ' = p(x) abo
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y' =¢q(p). TlepeBaxHicTh OJHi€T 3 HHUX BHU3HAYAETHCSA KOHKPETHUM pPIiBHSHHSAM. B

JaHOMY BHIIQJIKy 3aCTOCYEMO TifncTtaHoBky ) = p(x): y"'=p’,

4
1- p2

= y'=sin(x+C;) = y=C,—cos(x+C;). 3nauenns C;=C; 1a C,=C,

p'= l—p2 = =dx = arcesinp=x+C; = p=sin(x+(C;) =
JOBUIBHUX CTAIMX 3HAUJIEMO 3 MOYaTKOBUX YMOB:

y(0)=2 = 2=C, —cosC;, y'(0)=1 = 1=sinC; = C1*=§, C, =2.

, ) ) ~ T ~ )
Otxe, po3B’a30k 3a1a4l Komii Mae Burmisigm y =2 —cos (x +E) a6o y =2 +sinx.

n) Tun ma”oro piBHSHHS TOW caMHii, 1110 ¥ B MmonepeaHboMy Ipukiaa. B nanomy
pasi BUTigHiIIE 3aCTOCYBATH MiZACTaHOBKY y' = ¢(y) (mepesipre): y" = qd—q,

d d dg &
24T =gq+q®) = q=0 = y=C, 270=1+4* = L= 5
dy dy 1+g¢q 2

= arctgq=%+C1 = q=tg(§+C1) = y’=tg(§+C1) =

sin(l + Cl)
2

% * . (9]
3naueHHa C; =C; ta C, = C, NOBUIBHUX CTAJIUX 3HANAEMO 3 IOYAaTKOBUX YMOB:

=x+C, — 3araJpHuUil IHTErpai.

= ctg(%+C1)dy=dx = 2In

y(0)=§ = 2In =C; = C;=lnsin2§=ln%=—ln2,

.
SN —
4

y'0)=1= 1=tg(§+C1*) = C1*=0. Otxe, po3B’s30k 3amaul Komi mae

Burisag 2In sin% =x—In2, po3p’sa30k y=C € 0coOOIUBUM.

e) Ilpu posw’szanHi 3amau Komri 3HaYeHHS KOXHOI 3 JIOBUIBHHX CTaluxX
PEKOMEHAYETHhCS 3HAXOJWTH 3 TOYATKOBUX YMOB OJpa3y, sK TUIBKM I cTaja
3’SIBISIETHCA B TIpolieci po3B’si3anHs. Lle 1eMoHCTpye naHui mpuKia.

PiBHsHHS BimHOCHTBCS 10 THIY F'(y,)', ") =0, 0TXKe, 3aCTOCYEMO MiACTaHOBKY
d. d.
y'=4q(). " =qd—q: 3q2d—q= e = 3ldg=e’dy = ¢ =e'+C =
'y 'y
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= y=3e+C;, > b =dx. Cnopoba IHTErpyBaHHS OTPUMAHOIO
e +C,

PIBHSIHHS IPUBOJUTH JI0 1HTErpajia, mo “He 0epetbcs”. BpaxyeMo oOMIIB1 HOYATKOBI

% * .
ymoBH: 1= e + C; = C(; =0.3ayBaxumo, 10 3 [ILOTO MICIIS IIYKAEMO BXKE HE

y
. . . d 3
3arajibHHUi, a YaCTUHHUHI PO3B’A30K. Toxal YD _ix = e 3dy=dx =

y

= —3e 3=x+C,. Bpaxyemo Temep Iepily I[OYaTKOBY YMOBY 1 3Haligemo

* * * . .
3HaueHHA C,: - 3¢° =—5+C, = C(,=2. Omxe po3p’s30Kk 3anaui Komn mae

_y
BHI'JISL YACTHMHHOTO iHTerpana —3e 3 =x+2.

Ipuxaan 11. Po3p’s3aTu piBHAHHSA
a) y 3y —4p=0;  6) )'-16y+64y=0; B) -6y +25y=0.

Po3zé¢’azanus.
a) Maemo miHiliHEe oaHOpigHEe nudepeHliaTbHe PIBHSAHHSA JAPYroro MNOpSAKy 31
cramaMu Koedimienramu. CKIafeMo XapaKTepHCTHYHE piBHSHHS A2 +3h—4=0.
Horo KOpeHl A; =1, A, =—4 niiicHI 1 HE NOPIBHIOIOTH OAWH OAHOMY. BiamoBigHO
J10 IbOr0 (PyHIAMEHTAJBHY CHCTEMY PO3B’SI3KiB yTBOPIOWOTH QyHKIIT y;(x)=e" i

4x

b

—4 o . —
y,(x)=e" 7", a 3aranbHuii po3s’s30K piBHsHHS Mae Burisn y(x) = Cie” +C,e
ne C; 1 C, — NOBUIBHI CTaJIL.

0) CKIageMo XapakTepucTHdHe piBHSHHS A2 —16L+64=0. Woro xopeHi
Ay =8 =L, niiicHI 1 IOPIBHIOIOTh OAMH OgHOMY. OTXe, pyHAaMEHTaJIbHY CUCTEMY

8% i p,(x) = xe®, a saranpHuit po3s’ 130K

PO3B’SI3KIB YTBOPIOIOTh QYHKIIT y;(x) =e
PIBHSIHHS Ma€ BUTIISIA Y(X) = esx(Cl +C,x).

B) CkrnageMo XapakTEepUCTUYHE PIBHSIHHSA M —6L+25=0. Moro KOpEeH1
A =319 -25=314i xomruiekcHi cupsukeni. OTke, GyHIaMeHTaIbHy CUCTEMY

pO3B’S3KIB  yTBOPIOIOTE (yHKIIT  p(X)=e *cosdx i y,(x)=e sindx, a

3arajibHUM po3B’ 30K PIBHAHHS Ma€ BUTIAL p(X) = e~ (Cycos4x + C,sind4x).
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Hpukaan 12. Po3p’s3atu 3anauy Komri
Y +12y +45y=0, y(0)=5, »'(0)=3.

Po3z6’a3annsn. CkilaneMo XapakTEpUCTUYHE PIBHSHHS 2 +120+45=0. Horo
KOpEHI1 Mp=—6£v36-45=-613i KOMIUIEKCHI ~ CHpSDKEHI. Otxe,

6x cos3x i

(GyHIaMEHTalbHY CUCTEMY pPO3B’S3KIB YTBOPIOIOTh (QYHKLIT y;(x)=e
»m(x)=e 6Xsin3x, a 3aranbHuil pPO3B’SI30K  pIBHSHHSA Ma€  BUIIIAI
y(x)=e” *¥(C, cos 3x + C, sin3x) . Toxi
y'(x) =—6e” **(C, cos3x + C,sin3x) +e~ *(=3C, sin3x +3C, cos 3x).

3maiizeMo posB’s30k 3agadi Komri, ams goro oGunciumo suauenns C; i C, 3
nouatkoBux ymMmoB: p(0)=5 = ¢’ (Cycos0+C,sin0) =5,
y(0)=3 = —6e"(C,cos0+C,sin0)+3e’(-C;sin0+C,cos0)=3.

Orxe, Cl* =S5, C; =11 1po3B’sa30k 3axaui Ko Mae BUrisg

F(x)=e **(5cos3x+11sin3x).

Npukaan 13. Pose’satu piBasaas  y"+4y +4y=e > Inx.

Posé’si3anna. MaeMo niHiliHE HEOAHOpIAHE AU(EpeHIliaibHe PIBHAHHS IPYroro

. .. . —2x
MOPANIKY 31 CTAIMMM KOe(IIEHTaMU 1 MPaBol0 yacTuHOO f(x)=e " Inx, ska
HenepepBHa Ha (0, +00). Sk BioMO, 3arajJibHUM PO3B’SI30K TAKOTO PIBHSAHHS Mae

BUIAL P(X) = Y,,,(x)+ y*(x) , 1€ Y,ou(X) — 3aranbHUN PO3B 30K BIANOBIIHOTO

. . * o o .
OJTHOPIIHOTO PIBHSAHHA, @ y (X) — OyAb-SIKUA YaCTUHHHUMI PO3B’A30K BUXIIHOIO
PIBHSHHSL.

(V) (%) ’ : . ”n ’

1) 3naiinemo 3arajgbHUl PO3B’SI30K OJHOPIAHOTO piBHSHHA )" +4y +4y=0:
OCKIbKM XapakTepucTHuHe piBHAHHS A +4h+4=0 Mae KopeHi Mp=-2, 1O
(GyHIaMEHTAIbHY CHUCTEMY pO3B’SI3KIB yTBOPIOIOTH (QYHKLIT py(x)=e 2 g

-2 o :
yy(x)=xe" ¥, a 3arajibHUM PO3B’SI30K PIBHSIHHS Mae BUTJIS ]
_ —-2x C C
yodu(x)_e ( 1t Zx)-

2) YacTuHHUN pO3B’SI30K 3HAWIEMO METOJOM Bapiallii JOBUIBHMX CTajux

. * .
(metomom Jlarpanxka), 3rigHO 3  SKUM y (x) nmomaerbcs 'y BUIIISIAL
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y* (x) = Dy(x)y;(x)+ Dy(x)y,(x). Hepinomi ¢ynxuii Dy(x) i D,(x) noBuHHI
Di(x)y1(x)+ Dy (x)y,(x)=0
Di(x)y1(x)+ Dy (x)yy(x) = f(x)’

BimHocHO Dj(x) #  Dj(x). OCKiIbKH TONOBHHMI BH3HAYHHMK I[i€] CHCTEMH

3aJI0BOJIBHATH CUCTEM1 pIBHSHb { JTHIAHUX

Nnx) yx)
y1(x)  »(x)

HyJs B JaHOMY Bumnajky Ha (0, +00), TO cuctema CyMiCHA 1 Ma€ €IMHUNA PO3B’ 30K,

SBJIsIE COOOI0 BU3HAYHUK BpPOHCHKOTO, SIKMI BIIMIHHUN BiJl

W(x)=

SKAM 3HAXOJIUThCA 3a npaBuiom Kpamepa

o )y f(x)
Dj(x) == P20 i) = HE S

[Ticns iHTErpyBaHHS OTPUMYEMO

Dy o[22 o[RS,
W(x) W (x)
OTxe,
—-2x —-2x
xe _
W= e o
—2e e T (1-2x)

-2x _—2x 2 2

Dl(x)=—jxe ¢ lnxclx=—J‘xlnxdx=—x—lnx+x— ,
e 4 2 4

—-2x —2x
1
D,(x) = ¢ ¢ BX gx = [Inxdx = xInx - x
2 e—4x

(TYT mig CHMBOJIOM IHTErpaja po3yMmieMO mMepBiCHY). TakuM 4YMHOM, YAaCTUHHUU

PO3B’ 130K Ma€ BUTJISAT

2 2 2
* _ _ 3 _
y (x)=[——x2 lnx+—);]e 2x+(xlnx—x)xe 2x=[x71nx—zx2]e fa

2
3 _
a 3arajlbHAM po3B’sI30K € p(x) = [CI +Cx +x71nx —ZxZ] e .

Hpuxaan 14. Bxazatu Burisg (0e3 BIAUIYKaHHS KO€(II€EHTIB) YACTUHHOTO

PO3B’SI3KY PIBHSHHS.
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a) y'—y =x?+3x+10; 6) y'+6y +9y=(x*-x-5)e *;

B) " +9y=(x’—-3)cos3x; r) y"—-8)y'+15y=3cosx—5sinx;

0 Y -8y +16y=(2x+1)e**sin2x; ) y" -2y +2y=e*(x?cosx+2sinx).
Posé’si3anna. B ycix Bumajgkax MaeMo JiHIAHI HEOAHOPIAHI AudepeHIliaabHi

PIBHSHHS 31 CTaIUMHM KoeilieHTaMd W TMpaBUMU YacTMHAMHM TaK 3BaHOIO

“criemianproro” Burmsany  f(x)=e™ [P, (x)cosPpx +Q,(x)sinpx], ne P, (x) i

0,(x) — MHOro4JI€HM CTENEHIB m ¥ n BiANOBIAHO. TOJI YaCTUHHUN PO3B’A30K

PIBHSIHHS ni0OuUpaemuvcs 'y BUTTISIL y* (x)= x* e™[R,(x)cosPx + T,(x)sinPx], ne k

— KpaTHICTb KOHTPOJIBHOIO YHCJa MpaBoOi YacTUHU 6 =a+Pi cepea KOpPEHIB

XapaKTEepUCTUYHOIO PIBHAHHA, a R (x) 1 T,(X) — MHOTOYIEHH OOHO20 U MO20 HC

camozo cTeneHsa s =max{m,n} 3 HesuzHauenumu KoedimieHTamu. Y TabIUIII

HABEJICHI BUIVISIIM YAaCTUHHOTO pO3B’A3KY B 3aJIEKHOCTI Bl MpaBoi YacTUHU
(uncno k 3aJeXUTh TAKOX BIJ JIIBOI YaCTMHM PIBHSHHA, a caMe, BlJ KOPEHIB

XaApPaKTCPUCTHIHOI' O piBHHHHH, 1 TOMY BU3HAYA€THCA OerMO).

Ne f(x) G s y
1. P,(x) 0 m x*R (x)
2. e™P,(x) a m x¥e™ R, (x)
k
p . x"[R,, (x)cosPx +
> m(X)cospx b " +T,,(x)sinpx
. . x* [R,(x)cosBx +
4. 0, (x)sin fix b " + T, (x)sinpx
5 P,(x)cosPx+ 0, (x)sinpx Bi max{m, n} x* [R,(x)cosPx +
) +T,(x)sinpx
k _ox
6. ¢™ P (x)cosfx o +pi m X e[ Ry, (x)cospx +
" +T,,(x)sinpx
- . . x¥e™ R, (x)cospx +
7. e 0,(x)sinpx o +pi n +T,(x)sinpx
g e™[P, (x)cospx + o+ pi max{m, n} | x*e™[R (x)cospx+
' +Q, (x)sinfx] + T, (x)sin px
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a) Kopeni xapakrepuctuuHoro piBHAHHSA Ay =0, A, =1. Cynsduu 3 npaBoi YaCTUHH,
Maemo BUMAJIOK 1 (auB. Tabmuio), ne f(x)=P(x)= x> +3x+10, T06T0 Mm=2.

Ockinbkn 6 =0, 10 k=1; s=m=2. OTxe, y* =x(Ax2+Bx+C).

0) KopeHi xapakTepuCTUUHOTO pIBHSAHHSA Ay =LA, =—3. Cyzasuu 3 npaBoi YaCTHHH,

X

MaeMO BHUIANOK 2 (nuB. Tabmuio), ae f(x)= (x2 —-x-95) e 3%, to6ro m=2.

Ockubkn  o=-3, P=0, 10 0=-3, a k=2; s=m=2. Orxe,
y =x* e 3¥(Ax* + Bx +C).

B) KopeHi XapakTepuCTUYHOrO piBHSHHA Ay, =+ 3i. Cynauu 3 npaBoi 4acTUHH,
MaeMoO BHNAAOK 3 (auB. Tabmumwpo), ae f(x)= (x3 —3)cos3x, 100TO M=3.
Ockubkn  a=0, pB=3, 10 06=3i, a k=1; s=m=3. Orxe,

y* =X [(Ax3 + Bx* +Cx+D)c0s3x+(Ex3 + Fx? + Gx + H)sin3x].

r) KopeHi xapakrepucTUyHOro piBHSAHHA Ay =3, A, =5. Cyasquu 3 npaBoi YaCTHHH,

MaeMo BUIANOK 5 (muB. Tabnuiro), ae f(x)=3cosx—Ssinx, To00to m=n=0.

Ockutbku 0.=0, p=1,1T0 6 =i,a k=0; s=0. OTxe, y* =Acosx+ Bsinx.

1) Kopeni xapakrepucTUYHOrO pIBHAHHA Ay =LA, =4. Cynsduu 3 npaBoi YacTHHH,

MaemMo BUMaaoK 7 (auB. Tabnuiro), ae f(x)=2x+ 1)e4x sin2x, To6T0 n=1.

Ockuibku  o=4, PB=2, 10 0=4+2i, a k=0; s=n=1. Orxe,

*

y =e**[(Ax + B)cos2x + (Cx + D)sin 2x].

¢) Kopeni xapakrepucTuyHOro piBHsHHA Ay, =11t i. Cyasun 3 mpaBoi 4acTUHH,

MaeMo BHUIAAOK 8 (quB. Tabmuimw), e f(x)=e”* (x2 cosx +2sinx), To6to m=2,
n=0. Ockutbku a=1, B=1, To 6=1+i, a k=1; s=max{2,0}=2. Orxe,

y =xe* [(Ax* + Bx + C)cosx + (Dx? + Ex + F)sinx].

Ipukaan 15. Poss’ssatu 3agauy Ko y" +4y =sin2x, y(0)=»'(0)=0.

Pos6’s3anna. Maemo JiHiiiHe HEOTHOpIAHE AUdeEpeHIlialbHe PIBHSIHHS APYTroro
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MOPSIAKY 31 CTAIMMH KoedillieHTaMHU 1 MPaBOK YAaCTUHOK ‘‘CIEiaibHOT0” BUTJISTY

f(x)=sin2x . 3aranpHuil po3B’sI30K PIBHAHHA Ma€ BUIIIAL p(X) = y,,,(Xx)+ y* (x),

[V . . . . *
I€ Y,p,(X) — 3aranbHuil po3B’s30K BIANOBIAHOTO OJHOPIIHOTO PIBHAHHS, a Y (X) —
OyIb-sIKMI1 YACTUHHUN PO3B’ 30K BUXIIHOT'O PIBHAHHSL.

1) 3uaiizeMo 3arajgbHHUN PO3B 30K OJHOPIAHOTO piBHAHHSA )" +4y=0:
OCKIIBKH XapakTepucTHuHe piBHSHHS A2 +4=0 Mae KOpeHi Mp=%2i, 1O

3arajlbHUH po3B’A30K PIBHAHHS MA€ BUTIIAL Y,,,(X) = C; cos2x + C, sin2x .
2) Cyasun 3 mnpaBoi YaCTHMHH, MaeMo BUMNaAoK 4 (auB. TaOMMINO), 1€

f(x)=sin2x, T06T0 m=n=0. Ockiibku o =0, p=2,170 6 =2i,a k=1; s=0.

(v . . * .
OTXe, YaCTUHHUIA PO3B’S30K MinOupaemMo y BUTIsAl y = x(Acos2x+ Bsin2x).
’ ”

o .. o . % % .
3naitnemo koediieHTH A W B, nis 4yoro miACTaBUMO y Ta ) Y PIBHAHHSL.

OCKUIbKH

!

y* = Acos2x+ Bsin2x+ x(—2Asin2x+2Bcos2x)=(A+2Bx)cos2x +
+(B—-2Ax)sin2x,

”

y* =2Bcos2x—2(A+2Bx)sin2x—-2A4sin2x +
+2(B-2Ax)cos2x=4[(B—- Ax)cos2x — (A + Bx)sin2x],
TO OTPUMY€EMO PIBHICTh
4[(B—Ax)cos2x —(A+ Bx)sin2x]+4x(Acos2x+ Bsin2x) =sin2x
abo 4Bcos2x—4Asin2x =sin2x. IlpupiBHgeMO Koe]illleHTH MPU €OS2X Ta

) . . cos2x| 4B=0 ) 1
sin2x B 000X 4YacTAX PIBHOCTI: , 3Bk A=——, B=0. Orxe,
sin2x|—-44=1 4

*

o X o
YaCTUHHUM pO3B’SI30K Ma€ BUIISAL Y =—Zcos 2X, a 3araJlbHUN pO3B’A30K €

y(x)=C;cos2x+ C,sin2x — %cos 2x.

o . . * L *
3) 3naiinemo po3B’sa30k 3anaui Ko, 11t yoro o6uncnumo 3HaueHHs C; i C,

3 noyatkoBux ymMmoB: y(0)=0 = C(;=0;
1 1
y'(x)=-2Cysin2x +2C, cos2x — 450 2x + %sin 2x, Yy (0)=0 = 2C,- i 0.

% * 1 . o . .
Otxe, C; =0, C, = 3 1 IIyKaHU# po3B’ 130K 3aa4l Koml Mae BUTIsx
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~ 1 X
X)=—sin2x——cos2x.
y(x) s )

Ipukaag 16. MerogoM MOCHIAOBHOIO BHUKJIIOYEHHS HEBIIOMHUX pPO3B’s3aTH

y=y-z
: ; 0) 3, X
y=-x+3y T=yt+tzte

. x=x+3y
CHUCTEMH PIBHSHb  a) ;

Poss’si3annus.
a) Maemo IiHIIHY OJHOpPIIHY cHUCTeMY JBOX Ju(epeHIIaIbHUX PIBHAHb 31

cTanuMu  KoedimieHTaMd. 3 TEpIIoro  PIBHAHHS  CHUCTEMH  3HAXOJIUMO
1 . N N . .

y=§(x—x) (*), oTxe, y=§(x—x) (**). IlimcraBuBIIM y ApYyre piBHSHHSA

CUCTEMH 3aMICThb X Ta X TpaBi yacTuHu (*) Ta (**), oTpuMaeMoO pIBHSHHS

. S . . : s
g(x -X)=—x+ g(x —x) abo X—-6x+8x=0. Horo po3B’s30k Mae BUIJIAJ
— 2t 4t v . _ 2t 4t . - v
x=Cje” +Cye™ . 3naninemo tenep x =2C,e” +4C,e”" 1 MICTaBUMO LIeH BUpa3 B
. 1 .
(*) pasom 13 BuUpa3oMm g x. byaemo matu y = gCleZt + Cze‘". OTtxe, 3arajabHU

. 2 4

PO3B’A30K  3aJaHOi  cMcTeMH  cKIagaioTh  ¢ymkumii  x =Cje”’ +Che®’,
1 . a N . G

y= gCle + Cye™ . Ilicns nepeno3HayeHHs TOBUIBHOI CTAJIO] 3 — C; 0CTaTO4YHO

OyaemMo MaTH X = 3C1e2t + Cze‘" , Y= CIeZt + C2e4t.

0) MaeMo IniHIHY HEOJHOPIAHY CHCTEMY ABOX Iu(depeHLIaJbHUX PIBHSAHb 31
cTauMu KoedimieHTaMu. 3 MEepIIoro PiBHAHHS CUCTEMH 3Haxoaumo z=y—y' (%),
r __ ’ " PO : : : !’

orke, z =y —y" (*¥*%). IliacTaBuBLIU y Apyre PiBHAHHS CUCTEMH 3aMICTh I Ta Z

npaBi yactTuHu (*) ta (**), orpuMaeMo piBHSIHHS

’ /4 ’ X " ’ X : M
y-—y =y+y—-y+e abo y -2y +2y=—e  — HEOAHOPIAHE JIHINHE
nudepeHIiaibHe PIBHSAHHS JIPYroro MOPSJIKY 3 IMPaBOI0 YACTUHOIO CIELialIbHOTO

BUIJIANY. PO3B’s3aBINM [ie pIiBHAHHS (JMB. NONEPENHiM NPHUKIAA), OTPUMAEMO
y=e*(C;cos x + C, sin x —1) . 3uaiinemo Temnep

Y =e*[(C;+C,)cosx +(C, —Cy)sinx —1]
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1 miactaBumMo 1eidl Bupaz B (*) pazom 13 Bupazom mns y. bymemo Martu
z=e"(Cysinx—C,cosx). Omke, 3arajbHUil PO3B’A30K 3aJ@HOI  CHCTEMH

ckinanaoth GyHknii y=e" (Cycosx+C,sinx—1), z=e"(C;sinx— C, cosx).

Hpuxaan 17. BeranoButu 301KHICTH 200 JOBECTH PO30LKHICTD PSIAIB

lnn
)ZJn(n+1)(n+2) )Z & Z:\/_ln n
T) Zlnn ) EWarctg%.

Po3e ’sa3anns.

1 1 1
8) Ocxirbkt < , a4 pAn 301ra€Thes K psij
\/”(”+1)(n+2) \/nnn n3'? p Z 3/2 p

n=1

. 3 : . .
Hipixiie npu o = 5 > 1, TO 3a 03HAKOO MOPIBHAHHSA 3aJaHUM P TAKOXK 30ieacmucsl.

0

0) s mopiBHSIHHS 00epeMO 3BHYAMHUN TapMOHIUHUM PsJl E — , SIKUH, K BIJOMO,

n=1n

po36iraeTbes. Tojll 32 TPAaHUYHOIO O3HAKOIO MOPIBHSAHHS 13 3aCTOCYBAHHSIM IpaBHIIa

Jlomitansa Oynemo MaTu

Inn
. oa, .. Ynt . Un oo 3l 1
lim &= lim = lim —<— =llm— — lim ¥n=co.
ns>ob, now 1 no>wolnn (o n—> o Jnow
n n
OTtxe, Ha TIACTaBI II€T 03HAKY, 3aJIaHUH PSIT po30Oicacmbcsi.
1 . . .
B) Jlus mopiBHAHHS 00epeMo psif E ————, SIKUH 30icaemvcs, OCKUIBKH
= nin’ n
p=2>1. Toxni 3a TpaHUYHOIO O3HAKOI TOPIBHAHHS 13 3aCTOCYBAaHHSIM IIpaBUJIA
1
Jlomitansa OynemMo MatH lim % = jjm Y#in"n nin’n _ = lim vn =0. OcKiUIbKI
n—wnbn n— o 1 n— o
2
nin“n

I'paHUIA HCCKineHHa, TO O3HaKa HC3aCTOCOBHA. LIC O3Ha4dae, Mo piaxg A
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o0
) Ny ) ) 1
IOP1BHAHHA O6paHI/II/I HCBAAJIO. HOplBHSIHHSI K 3 TAapMOHIYHHUM PpAIOM E —
n

n=1

MOKa3ye, 10 AaHUH psan pozdicacmbcsi (BUKOHAUTE CAMOCTINHO).

0
: . . 1
r) CripoOu MOPIBHAHHS JAHOTO PSAY 3 PO30LKHUM TapMOHIYHUM PSJIOM Z— abo
n

n=1
o0
30KkHUM psjgoM Jlipixie Z_Z BUSIBJISIIOTRCSL HeBnanuMu (niepesipre!). Tomy s

n=1

o0
MOPIBHAHHS 00epeMo (301KHUI) psif Ziﬁ , 1e 1< P < 2. BizpmeMo, Hanpukiai,
n=1M
B =3/2. Toni 3a 03HAKOIO MOPIBHSIHHA 13 3aCTOCYBaHHAM IpaBuia Jlonitans OyaeMo
MaTH
Inn 1

2 1 U 1
lim % = lim 2 = Iim 222l lim -2 =~ lim —=0.
n—>wo b nswo 1 m»wvg

n
n3/2 2\/;

OT1xe, 32 TPAaHUYHOIO O3HAKOIO MOPIBHSIHHSA 3aJIaHUU PSIJT 30ieacmubcsl.

n) Ilpm nocmigxeHHI pAniB  JOyK€ KOPUCHOIO MOXKE BUSBUTHCS madauys
€K8i8aIeHMHUX HECKIHUEHHO MAIUX:
akuo o(n) — 0 npu n— o, TO
sina(n) ~ a(n),
arcsina(n) ~ a(n),
tga(n) ~ a(n),
arctg a.(n) ~ a.(n),
In[1+a(n)] ~ a(n),
™™ _1 ~Inb-a(n),
"™ _1 ~a(n).

1

. 1 : . . . 1
OCKUILKH —5 0 mpu n — 0, TO Ha MiJICTaB1 HABEJICHOT TaOJIHII], arctg— ~ —.
n n

n

Y 1 2 1 1 .

Toxi 3 nzarctg—2 ~ 3n? — =373 - Lle 03Hayae, 110 SKIIO 33 PsL JUIA TOPIBHAHHSA
n n° n

1

: . .. - 4
obpatu 30ixcuut psa Jipixie E —3 (a=§>1), TO 3a TPAaHUYHOK O3HAKOIO
n

n=1
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3/ 1

n* arctg —

a . n? : : -

nopiBHsAHHA oTpuMaemo lim —* = lim =1. Tonil 3a HacCHIAKOM 3 LI€i
n— © b n— © 1

4
n/3

O3HAKU 3aJIaHUH Psifl 30ieaemuvcsi.

Hpuxaan 18. BeranoButh 301kHICTH 200 JOBECTH PO30LKHICTD PSIAIB

3
o0

k2 Qn+1!! n!3" n-+S
a);1.4.7....-(3n+1)’ 2 Z " & 2[ ]

n=1 n n +6

r) za t \/3n+ II) i i 3
J— 23 3 4

Po3e’sa3anns.

"
a) OCKiNbKH a, = (Zn+ 1) ,
1-4-7-...-3n+1)
L e @3t @naDUEn+3)
T 47 |G+ D)+ 1-4-T--3n+4) 1-4-7-...-3n+1)-(B3n+4)

: .. a 2n+3 2
iTomi lim —* = lim — < 1. Orxe, 3a o3Hakow J[’ Anambepa 3anaHuii ps

n>o a, no>o3n+4 3

30icaemucsl.

Wy (DB mn+1)3"-3
"™ )™ ()" (n+ 1)

0) Ockulbku a, =

Orxe, lim = Qi1 _ =3 llm(

n—> a n—>

n " 1" 3
=3 1lim|1+— =—>1. TakuM 4YHHOM, 3a
n+1 n— o n e

o3Hakoro I’ Anambepa 3aaHuil pssl po3bicacmucsi.

3

2 " n’
B) Ockinbku a,, =["2+5] , T0o lim \/7— lim [n +5] {1°°} =

n“+6 n— o n>o| p?+6
2 2
. I . n .
= lim ¢, ne a=lim n"| ———-1|=- lim =-1. Omxe, lim %a, =
n— o n— o n-+6 n>op4+6 n— o
=e ™! == <1 i3a o3naxoro Kouri 3ananuii psin 30icacmubesl.
e
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nN3n+2 to lim W = lim arctgﬂ—
An+1 ’ now' " now Jn+1

n : .
=arctg\/_ =§>1. Otxe, 3a o3Hakoro Komn 3agaHuil psg

r) Ockineku a, = arctg

=arctg lim
n>o \ n+1

po3bicaembcsi.

. n
1) 3arajJbHUN WIEH Psy, K HEBAXKKO 0auuTH, @, = —— . 32 O3HAKOIO

(n+1)

(N3
I’ Anamb6epa maemo lim Ul _ \im M— M
n—>o a, n—)ooL n—)oon(n_|_2)

(n+1)°?

MIJCTaBl Ii€l 03HAKU HISKOTO BHUCHOBKY MPO 30DKHICTH PSAAY 3pOOUTH HE MOXKHA

=1, oTxe, Ha

(o3Haka He3acTocoBHa). Jlo TOro » caMoro pe3yibTaTy MPUBOIUTH CIpoda
3aCTOCYBaHHS pajuKanbHOi o3Haku Komri.
X
bynemo posrasigaté uieHu pAny SK 3HadyeHHs (QyHKUii f (x)=—"— TpH
(x+1)
3HAUEHHAX aprymeHty x =1, 2, 3, .... HeBaxxko nepeBiputh, mo npu x =1 QyHkuisa
f(x) nonatHa, HemepepBHa W MOHOTOHHO CIIaJiHa, TOOTO 3aJI0BOJILHSIE YMOBH

IHTerpajabHOI O3HaKW. ToMy JOCIiguMO Ha 30DLKHICTH HEBJIACHUM 1HTErpal
+00

X
———dx . B nanomy BUnaaxy 3a 03Ha4€HHAM MAEMO:

 (x+1)°

+00 B B

J‘—x sdx= lim [ —dx= lim L - - 1 S |dx=
) (x+1) B>+0d (x+1) Bo+od| (x4+1)?  (x+1)

B
. 1 1 . 1 1 1 1 3
= lim |- + 3 = lim |- + 3 —F—|=—.
B> +o x+1 2(x+1) 1 B> +o B+1 2(B+1) 2 8 8

Orxe, iHTerpan HaOyBae CKIHYEHHOTO 3HAauY€HHs, TOOTO 30iraerbcsi. Tomy 3a

IHTErpaJIbHOIO 03HAKOIO OJHOYACHO 3 HUM 301raeThCs 1 3aJIaHUM PSIJI.

Hpuxkaan 19. BeranoButu xapakrep 301KHOCT1 200 10BECTH PO3OIKHICTD PAIIB

3:6-.-(3m) __ (-1)" D"
) Z( b (n +1). > 0) Z(n+1)( Jn+1- 1) Z:1nlnn'
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Po3e ’sa3anns.

a) Jlocmiaumo 3aaHuil 3HAKOTIOYEPEIKHUM psii Ha aOCOMIOTHY 301KHICTD, ISl 4OTO

pO3rJIIHEMO  psiA 3 aOCONIOTHUX — BEJIMYMH — WICHIB  3alaHOTO  PSAy

ZMarctgi (*). 3a o3nakorw /I’ Anambepa maemo
~ (n+1)! 2"

3-6-.-(3n)-Bn+3) 1

a (n+2)! W oml 1 3n43 3
lim —**L = lim ° =— lim ==>1
n—>wo q, n— o 36.(311) 1 2n>0 n+2 2
arctg —-
(n+1)! 2"

1 1 :
(TyT BpaxoBaHO, IO arctgz—n ~ 2_” pu n—> o). Oxe, psna (*) po3biraeTbes 3a

o3Hakow [[’AnamOepa. Tomy 3amanuil psag e 30icacmbcsa abcontomuo. A OCKUTBKH
el pe3yabTaT OTPUMaHWK Ha MmijacTaBi o3Haku /[’ AjmamOepa, To HEoOXigHAa yMOBa

30pkHOCTI psny lim a,=0 (a 3 Hero 1 gpyra ymoBa o3Haku JleiiOHina) He
n—> ©

BUKOHY€EThCS. Lle 03Hauae, 110 3a1anuil pss pozbicacmuvcsi.

0) JlocnimuMo 3afaHui 3HAKOMOYEPEIKHUM Psifi HA aOCOTIOTHY 301KHICTh, JJI YOTO

1

(n+1)ln+1-1)

(*), cknageHuit 3 a0COMIOTHUX BEJINYHH YJICHIB

[ o]
PO3IJIAHEMO DA Z
n=1
[ o]

3amaHoro psany. llopiBHsieMo 1edt psin 31 30ixcuum psgom  Jlipixie Z

b
nin’

n=1
3aCTOCYBABIIU I'PAaHUYHY O3HAKY IMOPIBHSIHHS:
vl 1 N
lim (n+1)( ntl _1) = lim "1\/; y=1. Omxe, 3a HacmigkoM 31
n—co 1 i (n+)Wn+1-1)

mn

3raJlaHoi 03HaKU 0OUBA PSIU MOBOJATHCS OJHAKOBO, TOOTO psan (*) 30iraeThcs. A 1e

O3Havae, 110 3aJaHul Al 30icacmbcs abCOIIOMHO.

B) JlocniguMo 3aaHuii 3HAKOMOYEPEKHUN psll Ha aOCONIOTHY 301KHICTh, JJISI 4OTO

1

Inlnn

().

[ o]
pO3IJIAHEMO pAA 3 abCOMIOTHMX BEJIMYMH 4ICHIB 3aJaHOTO DSy Z
n=4
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1 .
>>—. ToMy 3a 03HAaKOI IOPIBHAHHSA

Ockimbku Inn<n, a Inlnn<<n, 10
Inlnn n

psan (*) posOiraerbcsi, OTXKe, 3aJaHUN PN He 30icacmbces abcoaromuo (TYT MU

BpaxyBalid, II0 TapMOHIYHUN psij z po36iraerbes). OCKUIbKM 1I€H pe3ysbTat

n= 1
OoTpUMaHU# He 3a 03HaKkoro JI’AmambOepa abo paaukaibHOK o3Hakow Kori, To Mu
MMOBUHHI JOCIITUTH PSAJT TAKOK Ha YMOBHY 301KHICTb.
[lepeBiprMO BUKOHAHHS YMOB O3Haku JlehOHima:
1 1 1

1) HepiBHICTH < BUKOHYEThCS Vr2>4; 2) lim =0
Inin(z+1) Inlnn n>olnlnn

OO6uB1 YMOBU BUKOHYIOTbCS, OTKE, 32 03HaKolo JIeiOHila 3aganuii psi 30iraeThes.

A OCKIUIBKHU BiH HeE 30ira€Tbcst abCOMOTHO, TO BIH 30i2a€mbCsi YMOBHO.

Hpukaax 20. 3HalTH paJlycu Ta IHTEpBaJIN 301)KHOCTI CTENICHEBUX PAJIIB:

3

(-1)"3"(x +2)" S, 1 o n(2m)!
Z(2n+1)(n+2) 6);(”,,2) (=17 )Z(3n)v ’

N o (x+5)" oOn_! PN = (n+2)" (2n)!(x +3)23
v ZI)( D H);?’n(x " o 2‘1( ; ) Cer

Po3e ’sa3anns.

‘ ‘ =‘ (_l)n 3" ‘ ~ 3"

a) OCKIIbKH = ,
‘(Zn +1)(n+ 2)‘ 2n+1)(n+2)

32 dopmyIioro

n+l
Ma€eEMO 1 = lim 3 Qnril)n+2) =3, 3Bigku R =

41 1
R oo (2n+3)(n+3)3" 3
1

. a
— llm _—htl
R now a,

Otxe,

: . . 1 1
IHTepBaJl 30DKHOCTI JAHOTO pALY € ‘x + 2‘ < 3 abo - 3 <x+2< 3’ TOOTO
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2n’
1 1
=(1+n—2) , TO 32 (QopMyIIoI0 'S lim 1/

n—> ©

0) Ockuibku ‘an‘ = ‘(1+i2)
n

1 1 2n 1 2n 1
maemo —= lim #/|1+— = lim|1+— =e2, 3BiIKM R =—. Ortxe,
R n— © nz n— o nz e2
: . : 1 1 1
iHTEpBaJI 301KHOCTI JAHOTO PATY € ‘x - 1‘ <— ab0 1-—<x<1l+—.
e e e
! !
B) OCKiTbKH ‘an‘ _ ni(2n)! , TO 3 hopMyJITH 1 lim | 221
(3n)! R n-oox a,
n!(2n)!
'
R= lim — lim (3n)! (3n +1)(3n+2)(3n+ 3) 27 '
n-oa, | nro>o@+D!2(n+1)] e ,Hoo (n+1)2n+1)2n+2) 4
[Bn+1)]!
27
OTmxe, iHTEpBaJ 301KHOCTI IAHOTO PIAY € ‘x‘
r) OcCKUTBKH ‘an‘ = 1 , To 3 dopmynu = lim 1/ MaeMo
nn n—» ©
1 . : .
R=————=1lim n=00. lle o3Havae, mo psx abCOIIOTHO 3Oicacmvcsi HA YCill
lim » i n— o
n>o \ p"
YUCI08IU OCI.
n!
n) 3 dbopmynu l— lima”—Jrl MaemMo R = lim 3n =3 lim 1 =0. Ile
pMY R now a, n—wo (n+1)! n»>o(n+1) '
3n+1

o3Hayae, M0 psIa  3bicacmvcs 6 €ounii mouyi Xx =1 (iHTepBal 30DKHOCTI
BHUPOJIKYETHCS B TOUKY).
e) Tyt nmokasHuk ctemneHs € JiHiiHOW ¢yHKIE @(nr)=2n+3. Padiyc 301KHOCTI

a,
a

BU3HauuMo 3 ¢dopmyan R = lim k st ¢(n)=kn+m, ne (k>2)eN,

n—>0

n+1

a m — yine nHegio 'emue uucio (Moxe nopisHtoBatu (), moknapmm k = 2:
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(n+2) (2n)!
R lim n 1 (n!)> =\/lim |:(n+2)(n+1):|n (n+1)3 _
— (n+3)"+ Qn+2) e[ n@m+3) | (1+3)2n+1)(2n+2)
n+l)  [(n+1))

n
_ lim n+2 n+1)" 1 \/— 1 1
n—»o n+3 n 2 \/_ 2

: : : 1 7 5
OTtxe, psij 30IracThCsl B IHTEpBA1 ‘x + 3‘ <—abo ——<x<-

5"

3aysaocicenns. Moxuna Oyigo O oOUMCIMTH oOApa3y iHmepsan 301KHOCTI

oe3nocepenHb0 3a o3Hakoro JI’AmamOepa, TOOTO CKOPUCTABIIUCH HEPIBHICTIO

o(n+l)
lim |Zz+1X <1:
n—© anx(p(n)
(n + 3)"“ (21 +2)! (x + 3)2"*5
o(n+l) +1 112
lim |41 = NI . [(n+1)!] _
n>w| a4, x? 1o (p+2Y" (2m)! (x +3)7
n (n!)®
n
2n+1)(2n+2 1
_ lim n+3 (n+3)( n+1)(2n+ )‘ 3‘2=e-—-4-‘x+3‘2<1.
ns>o\n+2 n+1 (n+ 1) e

: . . 1
OTxe, oTpuMaid TOM caMuil IHTEpBaI 301)KHOCTI ‘x + 3‘ <.

Hpukaag 21. 3HaiiTi 06:1acTh 301’KHOCT1 CTETIEHEBOTO PATY
0 n

Z x
32 ninn

n=2

|

1
Po3zé’azanna. 3 bopmynmu — = lim
R a,

n—> ©

MaeEMO
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1

L
Relim_ 3" Vnlnn  _ 4 Jn lim 24D g 3
n—> o 1 n—)oo\/mn—mo Inn n>on+1

33 n+1In(n+1)

(TyT Mu BuKopucTanu npaBuio Jlonitans). OTxe, psaa 30iraeTbcsi B IHTEpBaI ‘x‘ <3.

JlocnianMo MOBEIIHKY Py B MEKOBHUX ToUkax X =t 3 1bOro iHTEpBaIy.

B Touni x =— 3 mMaemMo 3HAKOMOUYEPEKHUIN YNCTOBUH Pl

1 n 1 0 -1 n . . .
Z ( )" 3 EZ \5_—1) Hocnigumo #oro Ha aOCOMIOTHY 301KHICTB, JJIs
- nn

3"+2 \/_ln n

1 = . .
qoro pOSFJISIHeMO 3HaKO)10I[aTHI/II/I pHI[ Z ( ) Z HOplBHH€MO acu
Jnl

\/_lnn nn

n:

: . . 1
psaa 13 PO30DKHUM TapMOHIYHUM PSIOM E—. 3a “rpaHHYHOIO” O3HAKOIO

n=1

1 1

: . +nln . n . 24
nopiBHsAHHA lim NRIMR _ jim — = lim Y = (TYT MU 3HOB BHUKOPHUCTaJIU

n— nsolnn  noo 1

n n

npaBwio Jlomitansa). OCKUIBKM TpaHUL ICHYe 1 HECKIHYEHHa, TO 3a 3raJlaHolo

O3HAKOIO B Toulll X =—3 psiA E \/_ p036iraeTLc51, OT)K€, 3HAKOIIOYEPEIKHUI

psa E \/_ He 30iraerbes abconoTHO. B To# ke wac meil psn 30iraerbes 3a
nlnn

o3Hakoro JIelOHIa, OCKUIbKM, SK HEBaXXKO MEpeBIpUTH, OOHUIBI YMOBH O3HAKHU

0 _1\n
BUKOHYIOTbCS. ToMy psin z =1

2\/;lnn

, @ pa3oM 3 HHM 1 3aJlaHii CTETICHEBUH sl

0 n

Z x
32 /ninn

n=2

, 301raroTbcsi YMOBHO.

B Toumi x =3 Maemo 3HaKOgOAATHUU P Z

3”+2\/_lnn Z\/_lnn

KU, SIK BXKE 3’5COBaHO, po30iraerbcs. OTke, B Toulll X =3 3aJaHUN CTEIIEHEBUH

psia po30iraeTbesl.
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Takum yuHOM, 00JACTIO 301KHOCTI 3aJ]JaHOTO CTEIEHEBOTO PSAY € IMiBIHTEpPBA

[-3, 3), BcepenuHi sikoro psi 306iraeTbest abCOMIOTHO, HA JIIBOMY KIHIII — YMOBHO.

Ilpukaan 22. Po3Bunytu ¢QyHKIiI0 B psan MakimopeHa Ta BKa3aTu 00J1acTh, B

AKIN 11e PO3BUHEHHS CIIPaBEJIMBE.
] 1 2x-5
a) f(x)=x"sin(3x*); 6 f(x)= L N
X

x2-5x+6

D S9= s W) S =arein S

d-x 1+ x?

Po3zé¢’azanus.

a) besnocepenne po3BUHEHHS MPUBEJIE 10 TPOMI3IKUX 00UKCiIeHb. B 1boMy BUMTAIKY
CKOPHCTAa€EMOCh  CIOCOOOM, 1[0 Tnependayae  BHUKOPUCTAHHS Tak  3BaHMUX
HAUunpoCmiuiux po36UHeHb.

Haiinpocmivuumu po3eunennamu Ha3UBAIOTh BIJOMI PO3BUHEHHS B Pl
MaksopeHa  OCHOBHHUX  ejeMeHTapHuX  ¢QyHkuid. Haegemo — mabauuyro
Haunpocmiwiux po3euneny (y Iy)KKax BKazaHi 00yacTi 30DKHOCTI BiAMOBITHUX
pAIB):

2,3

X
1+x+7.+§+ +—+ Z— (-0 < x < +0),

n

(e 0]
In"a
a* ="M = Z x" (-0 < x<+0),

n=0 n!
3 5 2n+1 00 2n+1
sinx=x—" 4= Y ()
31 5 2n+1)! “~ n+1)!
(o< x < +0),
2 4 2n 0 2n
cosx=1-" 4o (-] = D (D)
2! 4! (2n)! ~ (2n)!
(o< x < +0),
x _ -x 3 5 2n+1 00 2n+1
shx=i=x+x—+—+...+ Z
2 31 5! (2n+1)' “ (2n+1)!
(o< x < +0),
ex_l_e X 2 x4 xZn 00 xZn
chx = =1+t + =
2! 4! (2n)! nz:‘;) (2n)!



(o< x < +0),

2 3 n 0
X X -1X 1x
In(l+x)=x-"—+"—— .. +(-D"" =—+..= )"
(1+x) > = Z
(-1<x<1),
A+x)0 =140x+ 207D 2 @(0=D(@=2) 5,
2! 3!
H(a k+1)
N a(a—-1(a—-2)..(a—n+1) = Z el "
n!

(-1<x<1lakwoo<-1,-1<x<1 akumo-1<0<0,-1<x<1 akuo 0.20),

30KpEMa,

1
= l=x+x =X et ()" X" + . Z( D"x" (-l1<x<1),
1+x

1
—=1+x+x2+x3+...+x”+...=Zx” (-1<x<1),

1-x
1 1 1 1-3. < 2n—1)!!
-ty 3 13 5x3+...=1+2(—1)n—( n=DE
1+x 2 2-4 2:4-6 ~ Q2n)!!
(-1<x<1),
1 1 1- 1-3-5 2 1vv
=1+—x+—3x2 —3 Z(" )
1-x 2 2-4 2:4-6 (2n)!!
(-1<x<1),
/ u
frx=teio Ly 13 o +Z( pr Gr=DE
2 2-4 2-4-6 pan (2n+2)”
(-1£x<1),
J—x=1-X_ 1 X2 - 1-3 I Z(Z" 1)n
2 24 2-4-6 2 (2n+2)n
(-1£x<1),
1 3 1 > 1-3. 7 ® 2n+1
arcsinx=x+—-x—+_3.x_+ 3 S-x_+m: Z (2n-D!! x
23 245 246 7 @2n)!! 2n+1
(-1£x<1),



3 5 7 2n+1 2n+1
Aarctg X = X — o+ = (=) .. Z(l)

3 5 7 2n+1 - 2n+1
(-1£x<1).
ToMy ckoprcTaeMOCh BiIOMUM PO3BUHEHHSM B psii MakiopeHa QpyHKIii sinx
3 5 2n+1 2n+1
x° X x
sinx=x-"—+"——..+(-1)'——+...= —00 < X < +0),
3 s 1 (2n+1)! Z( ) +1)! ( )

B JIKOMY 3aMIHMMO X Ha 3x2 ) 1 OTpI/IMaHI/Iﬁ pAd MIOYWICHHO ITOMHOKUMO Ha x4 .

0 3x2)2n+1 00 32n+1 x4n+2
sin(3x2) = —1”(—= -y —
( ) Z( ) 2n+1)! Z( ) 2n+1)!
n=>0 n=>0
© 2n+l _4n+6
4 . 2 37X 6 9 10 81 14
zZ)=x sin(3x°) = -1 '——=3x —-——x +—x -..
/@) ( ) ’;)( ) 2n+1)! 2 40

OTtpumaHe po3BUHEHHS CIIPABEJIMBE HA YCIH YUCIIOBIN OC1 (—00 < X < +00) ;

0) 3amMiHMMO Y BiJOMOMY PO3BHUHEHHI

1
= l-x+ X =X et ()" X" = Z( D"x" (-l1<x<1),
1+x =0

X Ha x°. Maemo

= Z( )" (x*)" = Z( D" =1-x +x10 = xB H (D)"X +

1+x°

Lleit psag nogae 3aman HKIIO TS yCiX X Takux, mo |x°| <1, 10610 —1< x<1.
p y @y y

B) B neskux BuUmaakax po3BUHEHHS (PYHKIIi B CTENEHEBUH psJl MOKHA OTPUMATH,
MIPOCYMYBAaBIIM TaOJIMYHI PO3BUHEHHSA a00 paHiie 3Haiaex1. [Ipu upomy iHO1 Tpebda
TOTOKHO MEPETBOPUTU (PYHKIIIO TAKUM YMHOM, 100 MOJATH ii Yy BUIIISAIL 3pYUHOL
KoMOiHalii PYyHKIIIH, pO3BUHEHHS SKUX B1IOMI.

3agaHa (yHKIS € TPaBUJIBHUM palliOHAJIBHUM JIpoOoM. Y BIAMOBIAHOCTI 13

2
PO3KJIaJJaHHSIM 3HAMEHHMKA HA MHOXHUKU X~ —S5x+6=(x—2)(x—3) nogamo ii y

BUIJISI/II CYMHU HAaUTIPOCTIUX APOOiB:
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2x-5 _ 2x -5 _ A

= = + , 3BIOKH 2x—5=A(x-3)+B(x-2).
x2-5x+6 (x-2)(x-3) x-2 x-3 ( )+ B )

x=2-1=-4,
Heginomi koedimientn 4 1 B 3Hal1eMO 3 CUCTEMU PIBHSIHb

x=3 1=8.
Orxke, A=B=1 i1 f(x)= 2x=3 = L + L . Koxen 3 orpumanux

2
x“—5x+6 x-2 x-3
HaNNPOCTIMKUX Apo6iB IMiCNA HECKIAAHOIO TOTOKHOTO HMEPETBOPEHHS PO3BHHEMO B

psa MakiopeHa 3a I0HoOMOTror0 BIIOMOT'O PO3BUHEHHS

1 2 3 n n
— =14 x+x+x T+ X"+ = X -1<x<1).
P > ( )

bynemo matu

1 1
_=___=__Z X i<1:>‘x‘<2 ,
x=2 2,_X 2 2
2
1 1
_=___=__Zm X 1o|x<3).
x-3 3, x 3 3
3
OTxe,
2x-5 . 5 13 35
T
x*=5x+6 2" 3 6 36" 216

3a BiIIHOBiIIHOIO BJIACTUBICTIO CTEIECHEBUX pSII[iB OTPUMAHC PO3BUHCHHA

cripaBeJyiuBe B 1HTepBall (—2,2), SKUM € CIUIBHUM IHTEPBAJIOM 30DKHOCTI 000X

PSIIB.

r) [Ipu po3BuHEHH] AesKUX (DYHKIIIN B CTETIEHEB] PSIAM TYKE KOPUCHUM BUSIBISETHCS
cnoci0, 110 3aCHOBaHMUN Ha BUKOPUCTAHHI TaKOi BJIACTUBOCTI CTENEHEBUX PSAMIIB, SIK
MOXJIMBICTh iX MOwWIEHHOro audepeHuiroBaHHa. CyTb LBOTO CIOCOOY MOJISTae B

HacTynmHoMy. Hexail Tpeba 3HaliTH po3BUHEHHS Aesikoi GyHKIT f(Xx) B cTeeHEBUIA

psan. Skmo BoaeTbecs 3HAWTH Taky ¢yHKIIIO g(x), 110 f(x)=a-xk - g'(x), ne
k €Z, 1o, po3BunyBim QyHKIi0 g(Xx) B CTENEHEBUN psj i npoardepeHIiFoBaBIIT
HOro MOYJIEHHO, OTPUMAEMO pO3BUHEHHS B pan QyHkmii  f(x). Ilpu mpomy
OTpUMaHE PO3BUHEHHS CIIpaBeUIMBE BCIOJM, J€ BIANOBIIHE PO3BUHEHHS OYyIO

BipHUM U1 QyHKIIT g(x).

43



!

1 1 (1
OCKUTbKM B JIaHOMY BHMAAKY = ( ), TO, 3aMIHMBIIU Yy
1-xH? 3x*1-x*

TaOJIMYHOMY PO3BHUHEHHI

1 2 3 n C n
——=1+x+x"+x" +..+x"+..= ) x" (-1<x<1
— Do x" ( )

X Ha x3 , OTpUMAEMO

1 1 - el N 33 N 3n
3 Z( )" =—Zz3nx =an =Z(n+1)x =

n=1

=1+2x7 +3x% +...
Ockinpku Tpu qudepeHIoBaHHl 1HTepBal 30DKHOCTI CTENEHEBOIrO pAly He
3MIHIOETBCS, TO 3HaWJE€HE PO3BMHEHHS CIIpaBeUIMBE MNpPU yCiX X 3 IHTEpBaly

-1<x<1

II) B JACAKHUX BHUIIaAKaX 3HAYHO HpOCTiH_Ie PO3BHHYTHU B CTCIICHECBUM pAad HE CaMy

byukmito f(x), a ii moxigny f'(x), i oTpuMaHuii psijl MOWIEHHO MPOIHTEIPYBATH.

: 1 N 2 1
3uaiinemo noxigay f'(x)= . 2 5 1+x" _ 5
\/1 x2 1+x 1+x
1+ x?
VY TabinyHOMY PO3BHUHEHHI
1 o0
= l-x+x =X et (D) X" +. =Z( D"x" (-1<x<1)
1+x ne0

3aMiHIMO X Ha X’ i orpuMaemo posBuHeHHs f'(x)=

1 c .
5= Z(—l)"xzn , BipHe
n=0

npu —1< x < 1. [IpoinTterpyBaBuu meit psa nowieHHo Bix 0 mo x, Oynemo maTu

2n+1

LIyKaHE PO3BUHEHHS -1)"

. X
f(x)=arcsin— m Z —

MOYJIEHHOMY IHTErpyBaHHI psiAy I1HTepBan HOro 301LKHOCTI HE 3MIHIOETHCA, TO

Ockinbku  1puU

3HalJIeHe PO3BUHEHHS CIIpaBeINBE NPH YCiX X 3 iHTepBay —1< x<1.
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Ipuknan 23. Possunytu B pan Teisiopa B 0koill TOUKH X, =4 (3a CTEIEHAMU

pi3Hunl x—4) ¢dyskuiro f(x)= In(x> +4x—5) Ta BkasaTH 0GIACTb, B SKiil Le
PO3BUHEHHS CIIPaBE/IJINBE.
Posé’si3anna. TlepeTBOpUMO TOTOXHO 3aAaHy (YHKIIO, BUAUISIOUH PI3HUIO
x—4:
f(x)=In(x*+4x-5)=In[(x —1)(x +5)| = In{[3+(x —H)][9+ (x —4)]} =

i 27( 1T 1T s 27 m 12 T4 e[ 1474
3 9 3 9

CkopucTaEMOCh TaOJIMYHUM PO3BUHECHHSIM

x2 x3 1 X 1x
In(l1+x)=x-"—+"——...+ (-1 ‘—+ )"~ -1<x<1),
(1+x) > -1)" Z( ) ( )

x-4 , x-4

. OTpumaemo

In

-

([ x—4) —4" (|x-

1+ 52 oy B2 X g3
. 3 ) S n3 3 Y
:

\

\
=

I
'

In

-4\ « 4 (x=4"
1+ =Z(—1)"1(x ) <1=|x-4/<9|.
9 ) ~ n9" 9 J

OTrxe,

a1 1+3"

—(x-4)" =

f(x)=In(x*+4x—-5)=In 27+i(—1)

n=1

=ln27+i(x—4)—iz(x 28
9 9

3
3 (x- 4)" —...
OTpuMaHe pO3BUHEHHsI CIIpaBEIJIMBE B I1HTEpBai ‘x - 4‘ <3, sKUi € CIUTbHUM
: . . . x—4 -4
1HTepBaJIOM 301KHOCTI psiaiB In| 1 +T Tta In|1 +T

X
Ipuxaan 24. Po3sunytu B psag Maknopena gyHkiio f(x) = J‘ arctgt

0

dt.

Po3z¢’azannsa. Tlpn HaOmmkeHOMY OOYHMCICHHI BU3HAYEHUX IHTErpasIiB, KOIU

3HAUTHU HepBiCHy B CKiH‘{CHHOMy BI/II‘JISIIIi HC MPCACTABILIETHCA MOXIINBHUM, HITUPOKO
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3aCTOCOBY€ETbCS IOWJIEHHE IHTETPYBaHHS cCTemnmeHeBoro psxy. llpu  1pomy
HiAIHTErpajgbHy (PYHKIIIO PO3BUBAIOTH B P, IKUM MOTIM IHTETPYIOTh MOWIEHHO.

CKOpI/ICTaBH_II/ICB TaOTUIHUM PO3BHHCHHAM

x3 5 7 2n+1 00 2n+l1

x> x X
arctgx =x—-"—+"——-"—+...+ (-1 . = -1)" -1<x<1),
. R R e 2, D 1 )

OyneMo Matu

fx)= j“”"’g’dt—j Z( D"

o0 2n+1

N X
Z( ) (2n+1)?

n=0

2n+1 00 X

dt=z -
n=0

. . arctgx . .
Ockuipkn  lim ———=1, TO pO3BUHEHHS CHOpaBeJIMBE B IHTEpBali
x>0 Xx

-1<x<1.

3

Hpukaang 25. Oounuciutu | e ™ dx 3 tounicTio 6 =10~

o 1 _ _5 .
Po3zé’azanns. TlpuiimeMo 3ajMIIKOBY TOXHOKY 8=Z=Z-10 42251077 |

PO3BHHEMO TiAIHTErpadbHy (GYHKIIO B psjg MakiopeHa, Uil 4oro y TaOJIuYyHOMY

PO3BUHEHHI
xr X3
R R s e +—+ Z— (=0 < x < )
20 3!
3aMiHIMO X Ha — X"
6 9 3n 0 3n
_ X X X
e =1-x3+X Y 4 (=) —+...= Z(—l)”— .
2! 3! n! n!

Otpumanuii psig 30ira€TbCsi Ha BCIA YMCIOBIA OCI, OTXKe, HOr0 MOXHa IMOYJIEHHO
: o o 1 .
IHTErpyBaTu Ha OyAb-IKOMY BIPI3KY, 30KpeMa, Ha BIIPI3KY 0,5 . Iicns

IHTErpyBaHHsA 1 3acTocyBaHHsS Qopmynu Hbiorona-JIeiiOHia NpUXOaUMO 10

3HAKOMOYEPEIKHOI0 YUCIOBOIO PSAY, AKUM 301raeTbesi, TOOTO € psigoM Jleitbnina:
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D |

3

2, (D" = 2D

_3
e Ydx=

c'—'gN\'—‘
c'—'gN\'—‘

. 11 1 1
—Z( 1) - - ——
n'(3n+1)8” 2 88 2014-8> 3120-8

Jliis 3a6e3nedeHHss HeoOX1THOT TOYHOCTI OOYUCIIEHHSI CYyMH LIbOTO Py, fKa 1 €
3HAYCHHSIM 3aJaHOTO BW3HAYCHOTO IHTErpaja, MOTPIOHO yTpUMAaTH TaKe YHCIO

YJIEHIB psAy, 1100 BUKOHAJIAcsd yMOBa ‘un +1‘ <&, 1€ u,,, — NEpUIMH 3 BIAKUHYTHX

YJIEHIB, a € — 3aJlaHa 3aJIMIIKOBA MOXHUOKA.
Ockuteku uy = 0.5, u, =—0.015625, u, =0.0005580 , u; =—0.0000163,

‘u3‘ <€=0.000025, To Tpeba yrpumaTu 3 NEPIINX YICHU PAILY:

¢ dx ~ 0.5 0.015625 + 0.0005580 = 0.4849330 ~ 0.4849 .

3HayeHHs LbOTO IHTEeTpaja, oOuuciieHe Ha KoMl ioTepi 3a jpornomoror Mathcad,

nopiBHioe 0.48491714311364 ... , ToOTO B OTpUMaHOMY PE3YJIbTaTl BC1 3HAKHU BIPHI.

Ipukaag 26. 3HalTH YOTUPHU NEPIINX, BIAMIHHUX BiJl HYJIS, YICHU PO3BUHEHHS

B CTEIICHEBUH Psii PO3B’sI3Ky piBHSAHHSA )" = xsiny’, Akuil 3a70BOJIBHAE MOYATKOBI

ymosn (1) =0, y'(1)="".

Po36’a3anna. byneMo 1ykatv 4acTUHHUN pPO3B’SI30K PIBHSHHSA y BUIJISIL PANY

Teiopa

7=+ y -1+ 2D et

3a ymoBor 3amaui, p(1)=0, y'(1) =§. 3 piBasHHS " = xsiny’ 3HAX0AMMO, IO

y'(1)=1-siny’'(1) =1-1=1. ludepeHiio0dn BUXiHE PIBHAHHI, MAEMO
y" =siny +xy"cos y’,

3Bigku otpumyemo  y"'(1) =siny'(1)+1-y"(1)-cos y'A)=1+1-1-0=1.

Hubepentiroroun piaicts " = sin y’ + xy" cos y', maemo

n_.nm

y® = y"cosy' + y"cos y' + xp"cos y' — xp"y"sin y',
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3BIIKK OTPUMYEMO y(4)(1)=2-1-0+1-1-0—1-1-1-1=—1.

OTxe, IIyKaHUH YaCTUHHUM PO3B’ 30K Ma€ BUTI'JIAL,
2

~ T 1 2 1 3 1 4
=—(x-D+—=—(x-D)"+=(x-1)"——(x-1)" +... .
y 2( ) 2!( ) 3!( ) 4!( )

Ipuxkaag  27. Po3sunytu B pan Dyp'e nepioguuny  QyHKIIiO

3—-x, 0<x<3
nepiomy.

Posé’sizanna. T'padix ¢yHkuii HaBenenuit Ha puc. 7. Cynsuu 3 yMOBH, Nepion

¢byukuii T =2/ =6, To0to HaniBnepion [=3. Oyukuis f(x) He € aHl NapHOIO, aHl

, 3aJlaHy Ha TPOMDKKY, JIOBXHHA SIKOTO JOpPIBHIOE

HEIapHOIo, 1 Ha Bipi3Ky [—3, 3], 1e BoHA 3a7aHa, € HEMIEPEPBHOIO, 32 BUHATKOM OHIET

TOYKM po3puBy mnepmoro poay x=0. Omxe, f(x) 3aI0BOJbHSE YMOBU TEOPEMHU

. . L , a nmnx . nmXx
Hipixne. Tomy BianoBiaHui psag Oyp’e Mae BUTIISL Y + Zan COST +b, smT,

n=1
1 l 1 l nmx 1 p nmx
e ay =;jf(x)dxa a, =;If(x)COSde, b, =;jf(x)sin7dx. Leit psn
-l -l -1

30ira€TbCcsl B KOXHIM Toull BiApi3KY [—I, /], mpuuomy cyma pany S(x)= f(x) y

: . 1
TOouKax HemepepBHoOCTI QyHKIl f(x), S(x)= E|: lim0 f()+ lim0 f (t):| y TOYKax
t—x+ t—x—

1 : o
po3puBy, S(x1)= —[ lim f(¢t)+ lim f (t)} Ha KIHUSX BiIpi3Ky [—/, [].
2| t>-1+0 t—1-0

f(x)
3

0

| |

Puc. 7

O6uncIuMO KOeQIIIEHTH PSIAY:
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13 1 0x 3
a, =§£f(x)dx=§[£§dx+j(3—x)dx]=1,

0

3 3
=%J‘f(x)cosn [J‘—cos—dx+j(3—x)cos%dx}=
-3 0
0 3
_1)1(3x - nmx 9 nmx 3 . hnx 9 nmx
—<— s +—— cos +| —(3—x)sin —— 5 €08 =
3|3 3 nn 3 nn 3 nn 3
-3 0
0 n=2k
4 9 9
= [1 D" ] , n=2k-1, (k=1,2,..),
(2k - 1)27:2
1 3 1 0 3
=~ [ fx)sin T ax = o [Zsin e+ [ (3-x)sin T dx | =
R} R} 373 R} 3
-3 -3 0
0 3
111( 3x nmx 9 . nax R} nmx 9 . nax
=—|—| ———cos +——sin + ——(3—x)cos —— 5 sin =
313\ nn 3 nn 3 )4 nm 3 nn 3 J
1 , n=2k,
=_[3._(—1)”]= 4'“‘ (k=1,2,..).
nz —, n=2k-1,
k-

OTxe, BpaxoBYIOUU MINbKU HEHYIbOGI YJIEHHW PALYy, OAECPKYEMO, L0 3aJaHa
(GyHKLIA B TOYKaX ii HENEPEPBHOCTI MOJAETHCS Y BUTIIAII
RE-Dnx 4 (2k 1)11:x i 2R
f(x)—— Z ¢ .
~ (2K - 1) 3 (2k D 3 Tk

B touii po3puBy x =0 3HauY€HHS CyMU PSAy

SO =3 tim seo+ tim 10| =300+3]=,

a B ME)KOBHUX TOYKax X ==+ 3 BOHO €

S(J_r3)=1[ lim f(x)+ lim f(x) %[—1+0]=—%.

2| x> -3+0
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Ipukaan 28. 3Haiitn 300pakeHHs GyHKIT f(f) = te3tn(t -2).

Po3ze’sa3anna. Po3riistHeMo 1Ba ciocoOu.

Ilepwuii cnoci6. IlepeTBOPUMO TOTOXKHO 3a/1aHy (PYHKITIFO:
f() =t (1 -2) = 1>t - 2) = %13 (- 2).

-2
e “P

, TO 32 TEOPEMOIO 3aIi3HIOBAHHS e3(t_2)1](t -2)—>
p-3 r-3

Ockinpku e -

b

a 3a TeopeMoIo NMpo AU EPEHIIIIOBaHHS 300pakeHHS

te3(’_2)n(t—2)—)—[ 1 e—2p) =_[_%e—2p_2Le—2P =
p-3 (p-3) p=3

_ _2p 1 2 o .
=e >+ . 3 ypaxyBaHHsIM JIIHIMHOCTI nepeTBopeHHs Jlamnaca
(p-3° p-3

1 4 2
(p-3?* p-3]

Jpyeuii cnoci6. TlepeTBOpUMO TOTOXKHO 3a/1aHy (DYHKIIIIO JEIIO MO THIIOMY:

-2
ocratouHo macmo F(p)=e P +6 [

f@)=te’n(t-2)=(t-2+2)e’n(t-2) =¥ (t-2)M(t-2) + 2 (- 2) =

=e¥[(t-2m(t-2) + 2(¢ - 2)].

1

OCKIIbKH > —, 15—, TO 3a TEOPEMOIO 3aITI3HIOBAaHHS
p p

1 _ 1 _ . :
(E=2m(t-2) > —e 2 n(t-2)—>—e . Tomi 3a TeopeMOK0 B3MilICHHS 3
p

ypaxyBaHHSM JiHIHHOCTI nepeTBopeHHs Jlamnaca ogepxxyemo

1 _2(p— 2 e
F(p)= ey 023
(p-3) p-3
—2f o 2

e “sin” 3t
Hpukaang 29. 3nHaiitu 300paxenHs GpyHkuii f(f) = ————— .

t

, ) . 2 1—cos 6¢ )
Po3ze¢’azanna. Ockinbku sin 3t=T’ TO 3a TEOPEMOIO 3MILNIEHHA Ta

BJIACTUBICTIO JIIHIMHOCTI epeTBOpeHHs Jlamnaca mMaemo
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1 p+2:|

_ 1
e 2’sin23t—)— 5 .
2| p+2 (p+2)"+36

Toxi 3a TeopemMoro Mpo IHTETpyBaHHS 300paKeHHS

-2 .. 2 +00
e~ ¥ sin 3t_)J‘1|: 1 g+2 :|dq—1 lim  [inlg +2|—

f()=
2 4+2 (g+2)*+36 2 B>+
__ln[(Q+2) +36]” _1 lim In B+2 —1ln p+2
P 28>+o  [(B+2)P436 2 \(p+2)P+36
2
(p al ) +36 (TyT BpaxoBaHo, o lim In B+2
4 (p+2)° B>+w (B +2)? 136
=In lim B+2 =In1=0).

B>+ (B +2)? +36

t

Hpuxaan 30. 3naiiti 300paxenHs GpyHkuii f(¢) = I vle’dr.
0

Po3e ’sz3anns.
3!

3!
(p-1°

Ockinbku £ >
p

(iHakmre:

TO 3a TEOPEeMOK 3MilleHHS fe' —>

: 1 .
ockineku e’ — — TO 3a TEOpeMolw Mpo AuepeHIioBaHHS 300pakeHHs
p —
3 ¢ 3f 1 6 : : :
te >(-1)|——| = 7 )- Tonl 3a TeOpeMoro Mpo IHTCTPYBAHHS OpHUTiHAIY
p-1)  (p-1

t

f() = j e’dr -

. p(p-1*

0, r<3,

Hpukaax 31. 3xaiiTu 300paxkeHHs IMITynbcHOT QyHkuii f(¢)=<h, 3t<5,
0, r=>5.

Posé’sazanna. I'padix pyHK1il HaBegeHUH Ha puc. 8.
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f(@®

>

v

Puc. 8

0, t<a, t>Db,

KyckoBo-HenepepBHa ¢pyHkuis f(t) = {(p (%0 Vie(ab) (puc. 9)
f(®) 4 @ (1)
.
0 a b
Puc. 9

NoAa€Thes POPMYIIOI0
f@ =@ [n@-a)-n-b)].
OTXKe, 3a71aHa (PYHKITISI MOXKe OyTH 300pakeHa y BUTIISIII
f(@)=h-n(t~3)~h-n(~5)= hlnt-3)~n( - 5)].
Topi 3a BIacTUBICTIO JIHIMHOCTI 1 TEOPEMOIO 3aII3HIOBAHHS MA€EMO

-3t
- h[e‘” 1 e 1) —ne—(1-¢7)
pp) P

Ipukaan 32. 3HaliTk OpuUTiHai, 1110 BIATOBIAAE 300pKEHHIO

p+1
F\p)= :
)= -1 3)
Po36’a3anns. Posknagemo npio p+1 y CyMY HaWMpOCTIMUX APOOIB:
(p-1)(p+3)
p+1 1 1

F(P)=(p—1)(p+3)= 2(p—1)+2(P+3).
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3a TabauIEI0 OpUTIHATIB 1 300paKeHb 3 YpaxXyBaHHIM JIHIMHOCTI 3HAXOUMO:

1 1 3
f(t)—ze +2e .

Hpuxaan 33. BinHoButu opurinain 3a 300paxeHHIM

_ 1
"= Gy

Po3zé’azanusa. Posknagemo apid 3 Y CyMy HafllpoCTilNX APOOIB:

1
(p-1)(p+1)

1 _ 1 1 1 1
(p=0(+1)  2Ap+1f 4(pr1f 8p+) 8D’
3a TabauIEI0 OpUTIHATIB 1 300paKeHb 3 YpaxXyBaHHIM JIHIMHOCTI 3HAXOUMO:

f(t)=—it2e_t—%te t—le + e —1[

F(p)=

’(2t2+2t+1)].

Ipukaan 34. 3naliTi OpuriHai, 1Mo BiANOBIAAE 300paKEHHIO

-3p
pe
F(p)=— ; -
(p"—H)(p” +4p+8)
Posé’saizanna. Posknagemo npibd ' y CyMY HaMIpoOCTIIHUX

(P’ -4)(p* +4p+8)

8
P+

npo0iB: 5 1; i#_kl 1 3 —3
(p”—4)(p~+4p+8) 40 p-2 8 p+2 20 p +4p+8

3a TaOJUIIeI0 OCHOBHUX 300pakeHb (I0JaTOK 1) 1 3a TEOPEeMOO 3MIIIEHHS 3
ypaxyBaHHIM JIHIMHOCT1 MAaEMO

1 1 1 1 1 5 1 s
— - «——e
40 p-2 8 p+2 40 8

+§ +2+E
_i.p—3=_i.¥ (___.e_Ztcoszt_i.e
20 p2+4p+8 20 p2+4p+8 20 20

~2 §in 2t,

OTXKe,
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P el Yo 3 g 1,
20 20

(p*-4)(p* +4p+8) 40 8

2 Gin 2t .

TOIIi 3a TCOPCMOIO 3aIl3HIOBAaHHS OCTATOYHO MA€EMO

1
f(t)= [ EeZH + %e‘”*‘s - 210 e 23 cos(2¢ - 6) +sin(27 — 6)]} (t-3).

Hpukaan 35. 3HaiiTu po3B’ 30K IUdepeHIaTbHOr0 PiBHIAHHS

x"+4x +4x =e2 (cost + 2sin?),
110 33/10BOJIbHSIE MOoYaTkoBUM ymMmoBam x(0) =-1, x’'(0) = 1.
Po3zeé’azannsa. Hexat x(t) > X(p). Toxi 3a Teopemoro npo audepeHiiiroBaHHsS
OpUTIHAY 3 YpaXyBaHHSM IMOYATKOBUX YMOB MaEMO
X'(t) > pX(p)+1, x"(t) > p*X(p)+ p—-1.
3a Tabiuier0 OpWUriHaIiB 1 300paxkeHb (Homatok 1) 3 ypaxyBaHHSM JIHIHHOCTI
3HaXOUMO

1 +2
zp 2 5= pz '
p +1 p +1 p +1

cost +2sint —

Toni 3a TeopeMoro 3MilICHHS

pt+4

e (cost + 2sint) > —
(p+2)" +1

[lincTaBuBIIM yCi OTpUMaH1 BUPA3H J10 33JJaHOTO PIBHSHHS, OTPUMAEMO OIEPATOPHE

PIBHSIHHS Y BUTJISII

4
PEX(p)+ p—1+4pX(p)+4+4X(p)=—L 1 —
(p+2) +1
a00, MICIIs IePETBOPEHD,
4
(P +4p+HX(p)+p+3=—L7
(p+2) +1

3Hal1eMo 3B17ICH 300paKeHHs PO3B’SI3KY:
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p3 +7p2 +16p +11
[(p+2)2+1] (p+2)*

PoszkiaBim fipid y cymy HalpoCTIIUX APOOiIB, OTPUMAEMO:

X(p)=-

+4 1 +2 1 1
X(p=——L"7—4 T — _
(p+2)"+1 (p+2) (p+2)" +1 (p+2)"+1 (p+2)
. P . 1
OCKIIbKH > < COoSt, 3 <« sint, —2(—t, TO 3a TEOpPEMOIO
p +1 p +1 P

3MIIIEHHS 1 BJIACTUBICTIO JIIHIMHOCTI OCTaTOYHO MaeMO po3B’s30K 3anayi Komri y

BUTJIAI1

X(t)=e 2 (t—cost — 2sint).

Mpukaanx 36. 3uaiitu po3s’sa30k 3amgaui Ko x" —2x" + x = f(¢),

0, <1,
x(0)=0,x"(0)=0,1¢c f(t)=1—-1, 1<t<3,
2, t>3.

Posé’si3anna. lpaBa yacTHa PIBHAHHS € KYCKOBO-HENEPEPBHOIO (PYHKIIIEO. 3a
dbopmynorwo  f(¢) =@(7)- [ n(t—a)—-n(t- b)] 300pa3umo i y BUTIISII
f@==[nE-1D-n@-3)]+2n¢-3)
abo
f@)=-n@-1)+3n(-3).

Hexaii x(1) > X(p). Tonui 3a TeopeMoro npo nudepeHiiitoBaHHs OPUTiHATy MAaEMO
x'(H)> pX(p), x"(t) > p*X(p). 3a Tabauuero OpuriHaiiB i 306paxeHb i

TEOPEMOIO JIHIMHOCTI

fO)=—nt-1)+3t-3)>-5+3.
p p

[lincTaBUBIIKM yC1 OTPUMaH1 BUPa3u 10 33JaHOTO PIBHSHHS, OTPUMAEMO OIEPATOPHE
PIBHSIHHS Y BUTJISII
=3p _,p
2 3e 7" —e
(p —2P+1)X(P)=T ;
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3BIIKM 300pa’KE€HHS PO3B’ 3Ky

e3P —e7P
X(p)=—5—
p(p-1)
) 1 . ) )
PoskiaBiun Api6 ————— y CyMy HallIpOCTIMINX APOOIB, OTPHUMAEMO:

p(p-1)
1 1 1 1
—5 == + 5
p(p-1D° p p-1 (p-1)

. 1 . . .
Ockinbkn — <=1, — <, TO 32 TCOPEMOIO 3MIIICHHS 3 yPaXyBaHHIM JIHIHHOCTI

p p
1
2
p(p-1)

Toni 3a Teopemoro 3amMi3HIOBAHHS 3 ypaxXyBaHHAM JIIHIAHOCTI OCTaTOYHO MAaeMO

—1-e"+t'.

po3B’s130K 3aaaui Ko y BUTIIsiai

0 =3(1-e3+ -3 )ne-3) - (1= + (¢ - e )ue-1).

Ipukaan 37. 3Haiiti po3B’s30k 3a1a4i Korri

X—=-x-2y+9=0
y—Zx—y=4et ’

x(0)=1, yp(0)=2.

. 1
Po3zé’sazaunsa. Iloznaunmo x(t) > X(p), y()—> Y(p). Ockiibku t — —,
p

1 . . : .
e’ > ——, To 3a TeopeMOIO NpO AUDEPEHIIIOBAHHS OPUTIHANY i BJIACTUBICTIO
p—1
JIHIAHOCTI OTPUMYEMO HACTYNHY CHCTEMY OMNEPaTOPHUX PIBHSAHb BIAHOCHO

300paxenbr X(p) i Y(p):

(p-1)X(p)-2Y(p) = 1—%,

—2X(p)+(p-1)(p)=2+ 1.
p—-1

3nainemo X (p) t Y(p) 3a bopmynamu Kpamepa: X(p) = ATX, Y(p)= %,
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=p’=-2p-3=(p-3)(p+1),

-1 -2

-2 p-1

_pt+2pd—ap?+18p-9

2
AX= p
pr(p-1)

b

-1
p 2 _2p3+4p2—18
2p+2 p’ '
p—1

pt+2p’-4p’ +18p-9 ¥(p)= 2p*+4p* -18
P(p-D(p-3p+1) P (p=3)(p+1)
Po3zkiianeMo 300pakeHHsl y CyMy HaIpOCTIIIUX JIpO0iB:

2 2
X(P)=§— 32— + __4 ) Y(p)=—i+ 62+ 2 + 4 .
P p p—-1 p-3 p+1 P p p—-3 p+1

Otxe, X(p)=

BigHoBMMO oOpuriHaiM, 3acTOCYBAaBIIM TaOJUIIO 1 BJIACTUBICTH JIIHIHHOCTI.

OT1xe, po3B’ 30K 3a/1a4l MA€ BUTIISI:

X()=5-3t-2¢" +2e¥ —4e™", () =—4+6t+2e> +4e7".

IHANBIAYAJIbHI 3ABJIAHHASA

3apaanns 1. OOUKCINUTH MOBINHI IHTETPAIIH.

1. a) ﬂxydxdy, D: y=x,y=2,y=0; 0) Hpsinqo dpdp , ne D— xpyroBuii
D D

CEKTOp p =a, (o=§, o=7.

2. a) J‘J‘(x—y)dxdy, D: y=x,x+y=2,y=0; 0) szdpd(p,z[e obnacte D—
D D

KUlblle p=a, p=2a.
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3. a) II(Zx—y)dxdy, D:x=1,x=2,y=x,y=x2; 0) szdpdqo, SIKIITO
D D

obnacte D oOMexeHa KpUBOWO p =asin2@ .
4. a) II(3x+y)dxdy, D: y=2x,x+y=3,x=0; 0) depdqo, K110 00J1acTh
D D
D obmexeHa Kapaioinow p = a(l + cos (o) 1KOJIOM p =a.
5. a) ”-xzydxdy, D: y=x2,x+y=2; 0) Hpsdpdqo, Ko obsacte D
D D

00MeKeHa KpHBOIO P’ =a’ ¢os2¢ i HOJIApHOIO Biccio, 3a yMOBH, 110 0 < @ <

WY

6. a) ”-ydxdy, D: y=x,y=5x,x=1; 0) sz sinpdpdg, axuo obnacte D
D D

oOMesxeHa JiHIsIMU p=R 1 p=2Rsing.

2
7. a) '”%dxdy, D: x=2,y=x,xy=1; 0) szdpdqo, Ko obnacte D —
D D

T

miBKoJIo p <2acos@,ne 0<@ < 5

8. a) ”-(x—y)dxdy, D: y=2—x2,y=2x—1; 0) szsinz(pdpdqo, SIKIIIO
D D

obnacte D oOMexeHa JiHIIMU p =3CosQ, @ = —% 1= %

9. a) J-J‘ xydxdy, D: y= x2, y=2x; 0) sz dpd@ sxio obnacte D oOMexeHa
D D
NEePIIUM BUTKOM CHipalli P = a@ 1 MOJSPHOIO BICCIO.

10. a) ”-xydxdy, D: y=x,y=0,x=5; 0) szdpdqo Ko obnacte D
D D

- : : /4
oOMeKeHa Kap/loinow p = a(l + cos (o) 1 OJISIPHOIO BICCIO 32 YMOBH, 110 0 < @ < 7

3aBaanns 2. OOUUCIUTH KPUBOIIHINHI IHTETPAJIH.
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=

dl
- %) '[\/E(Zx+y)

. a) j di , 1e L — BiIpi30K IpsiMOi MIDK TOUKAMHU 0(0;0) 51 A(I;Z);

Lw/x2+y2+4

0) dey— ydx, ne AB — nyra napabonu y =4 — x? Mix Toukamu A(— 2;0) 71
AB
B(0;4).

a) j al , 1e L — BiapI30K MpsIMOi MIXK TOUKaMHU 0(0;0) 17} B(Z;Z);
L \/ 8—x* -y’
2 2 2.
0) I(x - 2xy)dx+ (y - 2xy)dy ,1e AB — nyra mapaboiu y=x" MK TOYKaMHU
AB
A(-1;1) # B(151).

. a) J‘(43\’/;— 3\/;)dl, ne L — BIAPI30K MPAMOI MIXK TOUKaAMU A(— 1;0) 51 B(O;l);
L

0) I(xz + y2 )dx +2xydy, ne OA — nyra kyOiuHOi mapabonu y = X3 mixk
04
TOYKaMU 0(0;0) 51 A(l;l).

, 1e L — Bigpi30K ONpsiMOT MK TOUKaMHU A(0;4) 51 B(4;0);

0) f(x+2y)¢lx+(x—y)dy,zle L — xono x=2cost, y=2sint, mo
L-

MMPpOXOAUTHCA 3a XOA0M FOI[PIHHI/IKOBOI CTpi.HKI/I.

. 2) j—ydl ,me L — nyra xapmioimn p =2(1+cosp) (0<@<m/2);

Lxt 4y
0) Inydx—xzdy, ne OBA — namana: 0(0;0), A(2:1), B(2;0).

0OBA

a) I ydl, ne L — pyra actpoinu x = cos’ 7, y= sin’ ¢ Mix Touxamu A(I;O) 51
L
B(01);
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0) I(xz + y? )dx+ xydy, ne L — BiIpi30K NpAMOi MI>K TOUKaMHU A(l;l) 17§ B(3;4).
AB

)

. a) Iydl, ne L — nyra mapaboiu y2 =§x MDK TOYKaMH 0(0;0) 1B o 3 ;
L

0) jcos ydx —sinxdy , ne AB — Biapi30K NpsIMOT MK TOUKaMHU A(Zﬂ,’;—Zﬂ,’) i
AB
B(— 27:;27:).

. Q) ﬁxydl , 16 OABCO — KOHTYp IPSIMOKYTHHKA 3 BEPIIMHAMU 0(0;0),

0ABCO
A(4;0), B(4;2), C(052);
ydx + xdy .. . .
0) —— . e AB — BiIpi130K NPSIMOi MK TOUKaMU A(I;Z) u B(3;6).
g Xty

. a) ;(x + y)dl , 16 ABOA — xOoHTYp TPUKYTHHKA 3 BEpPIIMHAMU A(l;()), B(O;l),
ABOA
0(0;0);

0) j(xz +y2)dx+(x+y2)dy, ne ABC — namana: A(1;2), B(3;2), C(3;5).
ABC

10. a) j\/ﬂdl , 1e L — mepmia apka HUKJIOIIN X = Z(t —sin t) , Y= 2(1 —COoS t)
L

(05t<L2m),

0) jxydx + ( y— x)dy, ne AB — nyra xkyO14HO1 mapabonu y = x3 mixk
AB
TOYKaMU A(O;O) 51 B(l;l).

3aBnanns 3. 3HalTH 3aranbHU 00 YACTUHHUIA PO3B’ 30K PIBHSIHb.

1. a) e¥"3Vdy = xdx ; 0) y— xp' = xsec

J.
X
p) (x2 +1)y' +4xp=3, y(0)=0.
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. a) e_xzdy+ xsec? ydx=0;
B) y' + ytgx =secx, y(0)=0.

. a) y'=(2x—1)ctgy;
B) (1-x)(y+y)=e"", y(0)=0.

. a) sec’ xtgydy = —sec? ytgxdx ;
B) xy' —2y=2x*, y(1)=0.

. a) (1+ex)ydy—eydx=0;

B) y' = Zx(x2 + y), y(O) =0.

. a) x(y2+3)dx=exydy;
B) y' —y=e*,y(0)=1.
. a) y'=(2x+1)tgy;

T

B) y'sinx — ycosx=1, y(;)=0.

. a) sin ycos xdy — cos ysin xdx =0;
2 1
B) Xy + y+xe ™ =0,y(1)=—.
2e
. a) (1+ex)ydy—eydx=0;

B) X2y +xp+1=0, y(1)=0.

10. a) e* sin ydx + tgydy =0;

p) (1-x2)y'+xp=1, y(0)=1.

0) (y2 - 3x2)dy+ 2xydx=0;

6) (x+2y)dx—xdy=0;
6) (x—y)dx+(x+y)dy=0;
0) (y2 —2xy)dx+x2dy=0;

6) ¥ +xy = x';

6) X' - y=xig>;
X

y
6) xy' =y —xe*;

6) xp'+ y(Iny—Inx—-1)=0;

0) (2 xy—y)dx+xdy=0;
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3aBnanns 4. Po3s’s3atu 3apavy Komri.

1. a) y"=sin4x=x,y(0)=1,y'(0)=%; 6) y"+3y' +2y=0,p(0)=1,)'(0)=1.
2.2) y"=—,p(1)=7,»'(1)=0; 6) ¥"+9y=0,(0)=1,'(0)=2,

, ¥(0)=1, y'(0)=0,6; 6) y"—4y'=0,y(0)=-1,y"(0)=4.

n 6 ’ ” 14 14
4.2) y =?,y(l)=0,y (1)=5; 6) " —12y' +36y=0,y(0)=2,)'(0)=8.
5.a) y" =4cos2x, y(0)=1, y'(0)=3; 0) y"+9y=0,y(0)=5,y'(0)=3.

n 1 ’ n 4
6.2) )" =, »0)=1, y(0)=3; 6) y"—4y=0,p(0)=5,y'(0)=-1

Il
—

n 1 ’ 14 ’ ’

7.a) xy =2,y(1)=5,y (1) 0) y' +y —6y=0,y(0)=—1,y (0)=1.
n —2X 5 ’ 1 n !’ !

8.a) y'=e ,y(()):Z,y (0)=Z; 6) y"+3y'=0,p(0)=0,y'(0)=5.

0.0) " =cox’ (1) =1,/ (0) = ;) 3~y + 4y=0,5(0) =2, (0) =2.

1 n ’ !
- =, y(0)=2,y'(0)=3; 6) y"~6y"+8y=0,p(0)=3,y'(0)=-1.
- X

10.a) y" =

3aBnannsg 5. Po3B’s13aTu piBHAHHSL.

1.a) y"— 8y +17y =10e>*; 6) y" -2y + y=—12cos2x — 9sin2x.
2.a) y"—-2y'-8y=12sin2x; 6) y"—6y +9y=9x" —39x + 65.
3.a) y"-3y'+2y=3cos x; 6) p"+2y +2y=2x"+8x+6.

4.2) "+ y' —6y=6xe>"; 0) y"—6y'+25y=9sin4x — 24cos4x.
5.2) y"+2y' —3y=(6x—-4)"; 6) y" —14y' + 49y =25sinx.

6.2) y"+4y' +29y=26e""; 0) »"+5y" +6y=52sin2x.

7.a) y"+2y'+ y=22x-4; 6) y"—4y +20y =16xe>".

8.a) y"+6y +10y="T4¢>"; 0) y"-3y'+2y=-Tcosx —sinx.
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9.2) y"—2y'+ y=4e”;
10.a) y" -8y’ + 20y =16sin2x;

6) y"+16y =22 —12x + 48x* — 32x°.
6) y" —y=(14-16x)e™

3aBaanns 6. Po3B’s13aTu cucteMy piBHSIHb.

r

dx
—=2x+y
1. <ddt :
—y=3x+4y
ﬂ=5x+8y
4. <gt .
y
—=3x+3
[t Y
ﬂ=—2x+y
7. <ddt
y
—=-3x+2
Lt Y
ﬂ=—x—2y
10, 4 4
d—y—3x+4
dt Y

dx dx
—=Xx-y —=-x+8y
]l dt 3<dt
@——4x+ | a =X+
[ dr d w Y
[ dx [ dx
—=Xx-y —=6x—y
5. < dt 6. < dt
V__axiay LT
—~=—4x+ —=3x+
ar ¥ ar Y
8 <dy 9.<d‘Jlf
—=-6x-3 —=-3x+4
| dr Y ar Y

3aBaanns 7. BctaHoBUTH 301KHICTH 200 JOBECTH PO301KHICTh YUCIOBHUX PSIIB.

© 3" (n + 2)!

< n+1n_
oz Ely

< (Sn-1)" 1
) R




e n’ (zn 1)v

5. a)z

6. a ),,Z_:'s 7-9-. (2n+3)

[e2]

T2 Z n+1)'

=1

= 5"(6n-5)
8 a )Zzs4n

9. a) 2k

— 3n(n+1
10. a)z n(:n );

(n+1);

= n+7
z:‘[ +49) ’

N n "_ = 2
6) 2.2 (2n+1) ’ D237

n=1

®) Z 5n(6n + 3)

Jn +2
B);n\/_+3

3aBnanns 8. BcranoBuTH xapakrep 301KHOCT1 200 10BECTH PO3O1KHICTD PAJIIB.

: Z(_ rr (n +1)3” |

0T
5 nzl(—l)”‘1 n;”
7 g(—l)"” el
e
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3aBaanns 9. 3HaiiTu 06;1aCTh 301KHOCT1 CTETIEHEBOTO PSTY.

00 (x_4)2n+1 00 nxn—l 00 ann 00 x3n
z 2n—-1 2 Zzn—13n 3 2 4 aninz_l_li

mn+1

3apmannsa  10. OOuuciutu BU3HAUeHW  1HTerpan 3  TouHicTio 0,001,

BUKOPUCTOBYIOYHM PO3BUHEHHS MIAIHTErpajbHOT GYHKIIIT B CTETIEHEBUH PSI.

0.25 1 2 0.2
1. jln(1+\/;) dx . 2. Iarctg [x?]dx 3. j\/;-sin\/;dx.
0 0

0

0.5 0.25 0.5
1,
4. [T, 5. [V -cos xax. 6. jln(1+x3)dx.
0 X 0
1 X 0.5 0.5 1
7.Ix2-s1nxdx. S.Ie 2qv. 9. I\/x3+1-xdx. 10.j ——dx.
0 0 0 Ox +1

3ananns 11. 3HailTi Tpu nepiri HEHYJIbOBI YIEHU PO3BUHEHHS B CTETIEHEBUH Pl

po3B'sa3Ky 3anayi Komri.

1. y'=xy+e’, y(0)=0. 2. y'=x%y* +1, y(0)=1.
3.y = y(0)=0 4.y'=x>+y*, y(0)=05.
5.y =x+y%, y() 6. y=x+x*+y% y0)=1.
7. y' =2cosx — xy*, y(0)=1. 8. y'=e*—y*, y(0)=0.
9. y'=x+y+y*, »0)=1. 10. y' =x*+ y*, y(0)=1.
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3aBnanns 12. Po3Bunytu B psag @yp'e pyHKIii.

1.a) f(x)=5x-7, xe(-m37), T=2x;

X
cos—, xe(—2;— 1] ) .
2 Ha IHTEpBal (—2;0) 3a CHHyCaMH.

6)f(x)={

2, xe (—1;0)

2.2) f(x)=37r—x, xe(—ﬂ;ﬂ), T=2r;

5) ( )_ 1-27m, xe(O;Z] , ,(0.5)
flx)= 3, xe(2;5) Ha 1HTepBail (0;5) 3a kocunycamu.

3.a) f(x)=1—7cx, xe(—4;4), T=8;

/4
S, xe|-m;——
( 4 . .
0) f (x) = < Ha IHTepBai (—7[;0) 32 CHHyCaMH.
/4
T—-x, xe|l——:0
| 4

5.2) f(x)=x-27, xe(-27;27), T =4x;

1-2x, xe(-5-3] . .
0) f(x) —{ . xe (_3;0) Ha IHTepBai (—5,0) 3a CHHyCaMH.

6. a) f(x)=2x—7r, xe(—2;2), T=4;
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-3, xe€ 0;E
4

2w, xe€e (E;ﬂj
| 4

7.a) f(x)=37r-x, xe(-m7), T=2x;

Ha IHTepBal (0;7:) 32 KOCUHYCaMHU.

6) f(x)=1

0) f(x) = 3x, xe (0;1] Ha IHTepBai (0;2) 3a CHHyCaMH.
2, xe (1;2)

8.a) f(x)=c0s4?x, xe(-m7), T=2x;

0) f (x) = 23, xe (_4;_2] Ha IHTepBai (—4;0) 32 KOCUHYCaMHU.
0, xe(-2;0)

9. a) f(x)=sin”3—x, xe(-3;3), T=6;

0) f(x)— 2x, xe(—27r;— ﬂ] Ha IHTepBai (—2 '0) 3a CHHyCaMu
B 1, xe(—ﬂ;O) P g Y '

10.2) f(x)=1-4x, xe(-151), T=2;

( 2
T+ 2x, xe(ﬂ;?jr

-4, xe€ (z—ﬂ;ﬂ:)
{ 3

3aBnanns 13. 3a nonomororo neperBopenHs Jlamnaca po3s’s3atu 3agauy Komii.

Ha IHTepBaJl (0;7:) 32 KOCUHYCaMHU.

6) f(x)=1

1. a) ¥+ x=2cost, x(0)=-1, x(0)=1;

2, t>3,
0) x—4x=f(t), x(0)=0, x(0)=0, f(@)=<1, 1<t<3,
0, r<1;
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x—4x+3y=sint,
B x(0)=1, y(0)=1.

y—2x+y=-2cost,

. a) X+4x=2sin2t, x(0)=-1, x(0)=0;
0, <1,
0) X+x=f(t), x(0)=0, x(0)=2, f(t)=<—-2, 1<t<2,
1, t>2;
{ xX—-x-2y=t,
B) x(0)=2, y(0)=4.

y—2x-y=t,

. a) X+2x+10x=sin37+6¢cos 37, x(0)=1, x(0)=1;

1, >4,
6) ¥-2x+x=f(£), x(0)=0, x(0)=0, f(r)=<2, 2<t<4,
0, r<2;
. _t
B) TR =1, yo)=0.
y—-x+6y=0,
. a) ¥+2x+x=te’, x(0)=0, x(0)=1;
3, t>4,
6) ¥+49x = f(1), x(0)=0, x(0)=0, f()={-1, 2<t<4,
0, r<2;
A Ay — (o2t
gy <34y 6f  x(0)=2, y(0)=0.
y+2x+3y=3e",
.a) ¥+x=6e"", x(0)=3, x(0)=1;
3, 0<r<4,

6) ¥x+x-2x=f(1), x(0)=0, x(0)=1, f(r)={ 2, 4<t<7,
0, t<0, >7;

{x—x—4y=0,
B) x(0)=1, y(0)=0.

y—-2x+y=9,

.a)X—-2x-3x=2t, x(0)=1, x(0)=1;
2, 0<r<1,
0) X+x=f(), x(0)=0, x(0)=0, f()=<3 4, t>1,
0, <0
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{x—zx—5y=0,
B) x(0)=1, »0)=1.

J-x+2y=2,

7. a) X—9x=sint—-cost, x(0)=-3, x(0)=2;

1, >4,
0) X—2x-3x=f(1), x(0)=0, x(0)=0, f(t)=72, 2<t<A4,
0, t<2;
x+2x-Sy=1,
B) 1 . x(0)=0, p(0)=2.
y—-x-2y=1,
8. a) ¥+x+x=t>+2t, x(0)=4, x(0)=-2;
1, 0<t<1,
0) ¥—dx=f(1), x(0)=1, x(0)=1, f(@)={ -1, 1<t<2,

0, t<0, >2;

{ x-3x-y=0,
B x(0)=2, p0)=0.

y+5x+3y=2,

t
9. a) 3'c'—35c+2x=2etcos5, x(0)=1, %(0)=0;

2, t>3,
6) ¥i-2x+x=f(1), x(0)=0, x(0)=0, f(@)={-1, 1<t<3,
0, r<1;
{ x-x—-y=0,
B) x(0)=1, p(0)=0.
y—4x—-y=1,
10. a) ¥ +4x =4e* + 412, x(0)=1, x(0)=2;
-1, t>2,
6) xi—x=f(t), x(0)=0, x(0)=0, f(¥)=42, 0<t<2,
0, r<0;

t

x—-x+y=0,
B) 1. x(0)=3, y(0)=2.
y-—x-y=e,
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BUMOTHM 10 O®OPMJIEHHSA KOHTPOJILHOI POBOTH,
If MIOJTAHHS 1 IEPEBIPKA

Homep BapiaHTa KOHTPOJILHOI PO0OTH, 10 BHKOHYETbHCSl, IOBHHEH
cunisnagatu 3 [ABOMA ocranHiMu nuppamMm HoMepa 3ajiKOBOI KHHUKKH.
HomMmepu 3a1a4 3 KOKHOI0 3aBJJaHHSI BUOMPAIOTHCS 3 Ta0/ M1, HABEJIEHOI HIKYeE.
Bukonana KOHTpoJbHa poOOTa NEPENUCYETHCA B OKpeMHUH 301IUT. Po3B’A3ku 3aaa4
HABOJATHCS 31 30epeKeHHSIM HOMEpIB 3a7ad, Y MOPSAKY 3POCTaHHS LUX HOMEpIB.
[lepen po3B’si3KkOM KOXKHO1 3aaadi Tpeba MOBHICTIO Bumucatu ii ymoBy. Ha
OOKJIaIUHKY 30ILIMTa CIiJ HAKJIEiTH 3amOBHEHUN peecTpaliiiHuii OmaHk (BKa3zaTu
HOMEP KOHTPOJbHOT pOOOTH, Ha3BY AUCHUIUIIHY, IPpyNy 1 GaKyIbTeT, MPI3BUILE, 1M's
Ta 1O OaThbKOBI, HOMEpP 3aJiKOBOI KHIKKH, JomaliHio anpecy). Odopmiena
Hale)KHAM YHHOM pOOO0TA peecTpyeThcs y JeKaHarTi. li HeoOXifHO mojaTd Ha
Kadeapy BHILOI MAaTEMAaTHUKX 3aBYACHO, ajie He Mi3Hime sk 3a 10 gHIB A0 MOYaTKy
ex3ameHaniiHoi cecii. Ilicns mepeBipku BUKIIagad poOUTh BUCHOBOK MPO T€, BIPHO
Yl HEBIPHO BHKOHaHA po0OTa, 3 BIAMOBIIHMM HAJAMUCOM Ha OOKIaauHLI. SKII0
poOoTa BUKOHaHa HE MOBHICTIO a00 HEBIPHO, TO BUKJIAJa4 BKa3ye HOMEPH BIJICYTHIX
ab0 HEBIPHO PO3B’s3aHUX 3ajay 1, AKIIO HEOOXIAHO, pOOUTH CBOI 3ayBaKeHHS Y
BUIJISII KOPOTKO1 penensii. Poboru 3 He ycima 3amadyamu, abo K 3 TaKUMH, IIO
MOBHICTIO a00 YacTKOBO HE BIANOBIJAIOTh JAHOMY BaplaHTy, BBaXalOThCA
BUKOHAHUMH HEBIpHO. CTYJ€HT NOBUHEH BUIPABUTH YCi TOMWIKH Y TOMY K 30IIUTI
nicnis peuensii BUkiaaaya y po3au “Po0oTa Haa moMuiakaMu’ 1 MOBEPHYTH pOOOTY Yy
HallKopoTIIUi TepMiH. BumpaBieHHs y THepeBipeHid poOOTI MOBEpX MMO3HAUYOK
BUKJIaJladya HE JAoNyckKaiThcs. CTyIeHT Moke OyTH JOMYIIEHUH [0 3aXHCTY
KOHTPOJBHOT POOOTH, TOPSJOK SKOTO BHM3HAYAETHCS BUKIIAJAyeM, TUIbKU IMiCIs
MOBTOPHO1 MEPEBIPKU BUIIpaBICHUX NMOMMIOK. Ha exk3ameH (3alik) AOMYCKarOThCA

TUTBKHU CTYCHTH 3 3aXHIIEHOI POOOTOIO.

CKJIAJL BAPIAHTIB KOHTPOJIbHOI POBOTHU

Homep |3aBn.[3aBa.(3aBa.(3asa.|3asa.|3aBa.|3aBa.|3aBa.|3asa. |3asa. (3asa. (3asa. |3aBa.
BapianTal 1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13
00 6 6 4 5 6 1 6 4 5 6 3 2 2
01 4 7 3 9 10 6 4 2 9 10 4 8 6
02 3 4 9 6 5 7 3 9 6 5 5 9 7
03 9 3 8 1 1 4 9 8 1 1 6 7 4
04 1 10 | 10 3 3 5 1 10 3 3 7 1 3
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JTOJATKH

30BPA’KEHHSI OCHOBHUX OPUI'THAJIIB

Honatok 1

OPUI'THAJI 30bPAKEHHSA
Oounuuna pynkyia Xeeicaiioa
(1) = 0, <0, 1
T2, 120 P
t 1
e p-1
) 1
t
sin pz +1
cost P
p2+1
ht 1
S
p’-1
cht Zp
p -1
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Jonatok 2

OCHOBHI BJIACTUBOCTI NEPETBOPEHHS JIAIIVIACA

OPUI'THAJI 30BPAKEHHS
Jiniiinicme
n n
2.0 fi(0) 2.2 Fi(p)
i=1 i=1
Ilooionicme
flat)y (Va>0) —F(ﬁ) (Va > 0)
a a
at 1
3okpema, e p—a
in(ar) .
sin(a
pz + a2
p
cos(at
(a) pr+a®
a
sh(at) )
p —a
ch(at) L
p —a
3IMmiuieHHA
e’ f(t) (Va) F(p+o) (Vo)
—bt B
3o0kpema, e " sint (p+ b)2 +1
+b
e " cost L 2
(p+b)" +1
3ani3Hi06aAHHA
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e PF(p) (Vt,>0)

f=ty)-n=ty) (v1y>0)
3o0kpema,
0, <1y, 1
ME=1)=0 1 sy e_top';
(y3acanvnena 0OuHUYHA PYHKYIs)
Jughepenuiroeannsa opuzinany
f(@) F(p)
f'(@® PE(p)- f(0)
f'® P*F(p)=p f(O)- f'(0)
f'® P F(p)=p*f(O)=p f'(0)~ f"(0)
P"F(p)=- 2 0" 700,
f(n)(t) k=1
FP0)= lim O (=0,1,.,n-1)
Inmezpysannsa opucinany
’ F(p)
d =7
{ f @)z p
Jughepenuyiroeanns 3ooparcenns
f(@) F(p)
t- f(1) —-F'(p)
t21(¢) F"(p)
211 - F"(p)
t"f (1) -D)"F"(p)
n!
3okpema, t pn+1
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Inmeczpysannsa 300parxcennsn

S0

TF (9)dq
p

sint
3okpema, —

E—arct
) s P

3zopmka

f@O*g)=g)* f()= [ f(D)gt-T)dr = [ g(x) f(t—7)d7
0 0

Teopema bopensa

f()*g(@) F(p)-G(p)
Inmezpanu /[vamensn
[ 1@)-g'(t=7)az + £()- g(0)
0
g'(x) fle-)ar+ £(2) £(0)
p-F(p)-G(p)

g(x)- £t -t)ar+ £(0) 5(r)

f(x)- gt —)dr + £(0)- ()

= © Sy S Sy
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Honatox 3

OPUT'THAJIA JESKHUX JPOBOBO-PAIIOHAJBHUX ®YHKIIN

30BPAKEHHA OPUT'THAJL
1 1
- - 1_ —at
p(p+a) a( ¢ )
1 1 —at — bt
(p+a)(p+b) b—a(" )
P 1 —at — bt
b
(p+a)p+b) a—b\"° ¢ )
1 —at
(p+a)2 te
p
(p+a) (1-at)e ™
1
2— Z(e ‘”+at 1)
p (pta) a
1
1_ (a—b+be “ _ ge bt)
p(p+a)(p+b) ab(a—b)
1
—3 iz[l e ‘”(1+at)]
p(p+a) a
1 1 _ _
: 2[ at_e bt (b_a)te bt]
(pt+a)(p+b) (b—a)
P 5 L 5 [—ae_”t+a+b(b—a)te_bt]
(pt+a)(p+b) (b—a)
P 3 te” | 1+2¢
(p+a) 2
2 2
P . e 1-2at+ 5 ¢
(p+a) 2
1
— 21 : l—e_bt(cos(at)+2sin(at)j
pl(p+b)° +a”] a+b a
! L 11— cos(an)]
D —|1—C0oS(a
p(p*+a®) e
24’ . 2
p(pz +4a2) sin” (at)
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p2 +2a’

p(pz +4a2) cosz(at)
1 1 —at 4
e " +—sin(bt) —cos(bt
(p+a)(p’ +b*) a2+b2{ pom 0ol )}
e 21 2[—ae_‘”+ac0s(bt)+bsin(bt)]
(p+a)(p”+b7) a’ +b
p2 1 2 —at . 2
T 3 bZ[a e © —absin(bt)+b cos(bt)]
(p+a)(p” +b7) a” +
1 b ;2 2[e_‘”—e_b’cos(ct)+
—a) +c
+ +b)* +c? _
(p+a)(p+b)* +c?) . e_,,,sin(ct)}
c
& ;2 2[—ae_‘”+ae_b’cos(ct)—
p —a)” +c
(p+a)l(p+b)’ +c’] ab-b*—c? _,
—————e " sin(ct)
c
1 [2—at+ it —alle bt
: bap 2Lt tlamhyremae
p —-—
2, 2 _
(p+a)l(p+b) +c] -cos(cf) - {ac h (C (G b)b)} o singen)]
c
1 1 1. 1, 1 _,
p3(p+a) a—3—?t+2—at —?e
1 a+b 1 1 —at 1 b
2 Ty T T +—-——e
p (p+a)(p+b) a’b” ab 4 (b-a) b’ (a—b)
1
—2( ) —Zt(1+e_‘”)+i3(e_‘” 1)
p(pta a
1
2 2 ! Zle t"'—z +e M t- 2
(p+a)“(p+b) (a—b) a-b a-b
1 1 (1 1
(p2+a2)(p2+b2) U [;sm(at)—;sm(bt)}
4 1
(p* +a)(p* +b?) m[cos(at)—cos(bt)]
2
P 1 . .
——— | —asin(at) + bsin(bt)
(p* +a*)(p* +b°) el ]
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3

V4 1 [ 2
—a” cos(at)+ b” cos(bt)
(p2 +a2)(p2 +b2) b2 _ g2t ]
! 1 _1 sin(at) —t cos(at)
(p* +a*)? 2% a
V4 1 .
—tsin(at
(p® +a*)’ 2a (at)
2
p 1.
— 5 5 —1| sin(at) + at cos(at
(P’ +a2) Za[ (at) (at)]
pz _ 4l
T 22 t-cos(at)
(pz +az)z
2ap
(pz —az_)z t-sh(at)
2, 2
p +a
T 22 t-ch(at)
(pz _az)z
3
p 1 .
22 —| 2cos(at) — at sin(at
e [ 2conan - arsinan)]
1 1 1
2. 2.2 —— e~ | Zsin(ar) — tcos(at)
[(p+b)" +a”] 2a* a
1 11
—| t ——sin(at
P (p* +a%) al[ P )}

a(p2 +a? —bz)

[p? +(a—b)*1[p* + (a+b)*]

sin(at) - cos(bt)




